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SUMMARY 

T h i s  r e p o r t  r ep resen t s  t h e  f i n a l  r e p o r t  on-work carried 

o u t  under Grant NGR-34-002-038 during the”pe r iod  ending June 30, 

1968. The r e p o r t  deals with t h e  e f f e c t s  of geometric dev ia t ions  

and n o n l i n e a r i t i e s  i n  coherent  o p t i c a l  d a t a  processors.  The 

s tudy w a s  c a r r i e d  ou t  by James P. Moffat t  under t h e  d i r e c t i o n  

of D r .  Frederick J. Tischer .  The material w a s  presented i n  

p a r t  i n  previous i n t e r i m  r epor t s .  The r e s u l t i n g  r e p o r t  w a s  

submitted by M r .  Moffat t  a s  a d i s s e r t a t i o n  f o r  t h e  degree of 

Doctor of Philosophy a t  the  North Carol ina State  Universi ty  

a t  Raleigh, N.  C. 

The s tudy d e a l s  with s i g n a l  d i s t o r t i o n s  i n  o p t i c a l  d a t a  

processors ,  p a r t i c u l a r l y  o p t i c a l  c o r r e l a t o r s ,  caused by de- 

p a r t u r e s  of s igna l -car ry ing  su r faces  from s p e c i f i e d  geometry 

(geometric dev ia t ions )  and by n o n l i n e a r i t i e s .  The nonl inear-  

i t i es  are incur red  i n  s i g n a l  recording. I t  i s  t h e  f i rs t  

phaseof a more comprehensive i n v e s t i g a t i o n  of e r r o r  e f f e c t s  

i n  d a t a  process ing  and holography., I n  t h e  repor ted  s tudy,  

methods a r e  developed f o r  the  d e s c r i p t i o n  of t h e  e r r o r  e f f e c t s .  

An equiva len t  noise- to-s ignal  r a t i o  i s  introduced for  t h e  

d e s c r i p t i o n  of the  s e v e r i t y  of t h e  s i g n a l  d i s t o r t i o n s .  T h i s  

method allows numerical comparisons and eva lua t ions  of t h e  

var ious  e f f e c t s ,  I t  a l s o  f a c i l i t a t e s  op t imiza t ion  of d a t a  

p rocess ing  and holographic  reproduct ion systems. 

geometric dev ia t ions  and n o n l i n e a r i t i e s  w e r e  evaluated by t h i s  

method. T h e  r e s u l t s  are presented  i n  t h i s  r e p o r t ,  

E f f e c t s  of 



A novel method of analyzing n o n l i n e a r i t i e s  encountered 

i n  o p t i c a l  s i g n a l  recording i s  a l s o  developed i n  t h e  p re sen t  

study. 

l i n e a r  c h a r a c t e r i s t i c s .  

methods, Tchebyscheff polynomia1s.were found t o  be p a r t i c u l a r -  

l y  w e l l  s u i t e d  t o  t h i s  problem. 

the  Tchebyscheff expansion method also can be appl ied  f o r  

cons ider ing  nonl inear  e f f e c t s  i n  o t h e r  nonopt ica l  s u b j e c t  

areas. Numerical methods and a computer program f o r  t h e  

determinat ion of t h e  Tchebyscheff- c o e f f i c i e n t s  are developed. 

T h e  program i s  then appl ied  t o  an a n a l y s i s  of t h e  c h a r a c t e r i s -  

t i c  curves of Type 649-F spec t roscopic  p l a t e s .  

The method is  based on Tchebyscheff expansions of non- 

I n  a comparison of var ious  expansion 

I t  should be mentioned t h a t  

I t  w a s  i nd ica t ed  above t h a t '  t he  p re sen t  study r ep resen t s  

t h e  f i r s t  phase of a more comprehensive inves t iga t ion .  

reason f o r  thi-s s t a t e m e n t  i s  t h e  fact  t h a t  t he  methods devel-  

oped and descr ibed  i n  t h i s  r e p o r t  open ways f o r  f u r t h e r  

s t u d i e s  which could n o t  be carried o u t  i n  the  p a s t  s i n c e  

they led t o  excess ive ly  complicated r e l a t i o n s h i p s .  

and comparison of photographic ch -a rac t e r i s t i c  curves  and of 

o t h e r  o p t i c a l  recording p r i n c i p l e s ,  d i s t o r t i o n s  i n  "noisy" 

o p t i c a l  systems, t h e  e f f e c t s  of n a n l i n e a r i t i e s  i n  s p e c i a l i z e d  

d a t a  processing systems and i n  holugraphy are t o p i c s  under 

continued i n v e s t i g a t i o n .  

The 

Evaluation 
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1 INTRODUCTION 

I 

Research i n  the a r e a  of o p t i c a l  d a t a  processing h a s  

e x i s t e d  f o r  a t  l e a s t  two decades. The  advent of the laser as 

a convenient source of coherent quasi-monochromatic l i g h t ,  

however, h a s  increased  i n t e r e s t  i n  t he  sub jec t .  With the 

assumption of coherent  l i g h t  such a s  obtained from a l a s e r ,  

imaging p r o p e r t i e s  of l enses  i n  o p t i c a l  systems can be 

described by two-dimensional complex Four ie r  transforms. 

Image forms i n  such systems can thus  be d i r e c t l y  r e l a t e d  t o  

frequency and t i m e  domain r ep resen ta t ions  of equiva len t  

e l e c t r i c a l  s i g n a l s ,  Because of t h i s  r e l a t i o n ,  o p t i c a l  systems 

employing coherent  l i g h t  can conveniently perform a wide 

v a r i e t y  of da ta  processing opera t ions .  

This  i n v e s t i g a t i o n  i s  concerned with the a n a l y s i s  of two 

sources of s i g n a l  d i s t o r t i o n s  i n  o p t i c a l  da t a  processors  em-  

ploying coherent  l i g h t .  The first of these can be descr ibed 

a s  dev ia t ions  from optimum geometry of the su r faces  on which 

s i g n a l s  a r e  introduced t o  such processors .  The dev ia t ions  

e x i s t  because of alignment e r r o r s  and mechanical t o l e rances  

t h a t  a r e  incur red  i n  the cons t ruc t ion  of the processor .  

Spec i f i c  models f o r  t hese  geometric dev ia t ions  a r e  introduced, 

and t h e  s i g n a l  d i s t o r t i o n s  r e s u l t i n g  from t h e  models a r e  de- 

r ived.  The d i s t o r t i o n s  a r e  q u a n t i t a t i v e l y  r e l a t e d  t o  t h e  para- 

meters which c h a r a c t e r i z e  the geometry of the models. 

The second source of s i g n a l  d i s t o r t i o n s  c o n s i s t s  of non- 

l i n e a r i t i e s  which a r e  incur red  i n  the  recording of s i g n a l s  i n  



o p t i c a l  form. 

determination 

2 

A method of a n a l y s i s  i s  developed which al lows 

of the e x t e n t  t o  which the n o n l i n e a r i t i e s  a f f e c t  

da t a  processing.  The method i s  implemented i n  t h e  form of a 

d i g i t a l  computer program which f a c i l i t a t e s  r ap id  and thorough 

a n a l y s i s  of nonl inear  t r a n s f e r  c h a r a c t e r i s t i c s  and al lows 

determination of condi t ions  under which nonl inear  effects  a r e  

minimized. The program i s  used t o  analyze t h e  n o n l i n e a r i t i e s  

of type 649-F spectroscopic  p l a t e s  which a r e  widely used i n  

o p t i c a l  da t a  processing.  
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2. REVIEW OF THE LITeRATURE 

2 . 1  Coherent Optical Data Pr,ocessors 

I n  a number of r ecen t  papers  (Cutrona, 1960, 1964; 

Preston,  1965) the use of ophical systems f o r  d a t a  processing 

opera t ions  has been descr ibed.  More s p e c i f i c a l l y ,  systems 

employing coherent  il,lurnination have been shown t o  be capable 

of performing opera t ions  such a s :  s p e c t r a l  a n a l y s i s ,  f r e -  

quency domain f i l t e r i n g ,  c rosgcor re l a t ion ,  au tocor re l a t ion ,  

and convolution. A conceptual model of a o p t i c a l  system 

employing coherent  i l l umina t ion  is a b s t r a c t e d  from the  above 

l i t e r a t u r e .  By assuming var ious inpu t  and output  devices ,  

the model is able t o  perform the  d a t a  processing opera t ions  

mentioned. The model s e rves  as an in t roduc t ion  t o  coherent  

o p t i c a l  data processors and provides  a basis f o r  d i scuss ing  

the l i t e r a t u r e  reviewed i n  the next  s ec t ion .  

I n  o p t i c a l  systems employing coherent l i g h t ,  image forms 

i n  sucess ive  f o c a l  p lanes  are approximately r e l a t e d  by two- 

dimensional F ~ u r i e r  trahsforms. This p rope r ty  allows such 

systems t o  process  d a t a  s p a t i a l l y  and c o n s t i t u t e s  one of 

their  primary advantages. The Four ie r  transform imaging 

p r o p e r t i e s  of such systems have been known f o r  some t i m e  

(Rhodes, 19533 b u t  the lack  of 3 convenient source of coher- 

e n t  i l l umina t ion  ha$ hindered their development. W i t h  the 

advent of the l a s e r ,  however, th is  d i f f i c u l t y  has been 

overcome. 
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Figure 2 . 1  s h o w s  the geometric conf igura t ion  of t h e  

o p t i c a l  system model. 

i l l umina t ion  is  placed a t  the lef t -hand focus of l ens  L1 and 

imaging occurs i n  the system from l e f t  t o  r ight.  The planes  

P through P4 coincide w i t h  the focal p lanes  of the lenses .  

The focal length  of each l ens  is  f .  Because of the imaging 

p r o p e r t i e s  of the l enses ,  sucess ive  f o c a l  p lanes  are i l l u -  

minated by t h e  two-dimensional Four ie r  transforms of the 

complex l i g h t  amplitude d i s t r i b u t i o n s  emerging f r o m  their  

predecessors .  Various l igh t  and e l e c t r o - o p t i c  modulating 

devices can thus be placed i n  the p lanes  t o  perform d a t a  

processing opera t ions .  I n  the fol lowing d e s c r i p t i o n  of the 

opera t ion  of var ious conf igura t ions  of t he  system, 'the 

Four ie r  transform r e l a t i o n s  are assuked i n  one dimension 

only. T h i s  al lows direct  ana logies  t o  be made t o  e l e c t r i c a l  

sys t e m s  . 

A p o i n t  source of monochromatic 

1 

The imaging p r o p e r t i e s  of l ens  L1 cause: a< uniform 

d i s t r i b u t i o n  of 1igh.t: t o  appear a t  the left-hand su r face  of 

plane P1. 

can be described i n  complex p resen ta t ion  as 

The amplitude d i s t r i b u t i o n  i n  the x 1  d i r e c t i o n  

. 2rrc d;(x,) = doe !I- A 

where'c is  t h e . v a l o c i t y  of 

I (2.1) t 

l i g h t ,  X is tlie wavelength of the 

coherent source,  t is time, and do is an amplitude cons tan t  

related t o  the i n t e n s i t y  of the source.  
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A photographic t ransparency placed i n  p lane  P1 serves  as 

a means of modulating the d i s t r i b u t i o n  d i .  

can be descr ibed by an  amplitude t ransmi t tance  func t ion  s l (x l )  

which relates the amplitude of the  i l l umina t ion  t ransmi t ted  

The transparency 

by the transparency t o  t h a t  which i s  inc ident .  The func t iona l  

form of s 1  r ep resen t s  a s igna l  which has been previous ly  

o p t i c a l l y  recorded w i t h  the a d d i t i o n  of a 'bias such t h a t  

0 C s1 C 1. With the d i s t r i b u t i o n  6; i n c i d e n t  on the t r a n s -  

parency, the complex amplitude d i s t r i b u t i o n  on the r i g h t -  

hand side of p lane  P1 becomes 

I n  order t o  s impl i fy  the  p re sen ta t ion ,  the cons tan t  do is  

assumed t o  be u n i t y  and t h e  exponent ia l  t i m e  func t ion  is  

suppressed. Equation ( 2 . 2 )  then becomes 

The imaging p r o p e r t i e s  of l e n s  L2 cause a d i s t r i b u t i o n  

corresponding t o  the Four ie r  transform of dl(xl)  t o  appear 

a t  the lef t -hand s i d e  of p lane  P2. T h i s  can be w r i t t e n  as 

4 

where F r ep resen t s  the Four ie r  t ransformation,  Sl the t r ans -  

form of s1 and t h e  radaan frequency w2 is related t o  x2 by 

2n w2 = - X f  x2 
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i 

A l i g h t  sensor ,  such as a photooel r ,  p laced i n  p lane  P2 can 

be used to  o b t a i n  information about the frequency func t ion  

SI. 

i n t e n s i t y  of the inc iden t  i l l umina t ion  and t h e  sensor  is 

moved along the x2 a x i s ,  an output  given by 

I f  the output  of the sensor  is  p ropor t iona l  t o  the 

appears (the asterisk denotes the complex conjugate)  

In spec t ionoof  Eq. (2.6) shows that  the s e n s o r ' s  output  cor- 

responds t o  the s p e c t r a l  dens i ty  of S1. 

s p e c t r a l  a n a l y s i s  can thus  be performed i n  the p lane  P2. 

The opera t ion  of 

I f  a photographic transparency having an amplitude 

t ransmi t tance  func t ion  descr ibed by S 2 ( w 2 )  i s  placed i n  the  

plane P2 and the d i s t r i b u t i o n  d; is  i n c i d e n t ,  the l i g h t  

emerging from the transparency is descr ibed  by 

d p 2 )  = S l ( W 2 )  s 2 ( w ; z )  ( 2 . 7 )  

T h i s  Bxpresslon corresponds ; J ~ O .  the( passage,,of the s i g n a l  S1 

through a f i l t e r  having a t r a n s f e r  func t ion  S 2 ( w 2 ) .  

t he  amplitude t ransmi t tance  func t ion  ~f a t ransparency is 

restricted t o  be real  such t h a t  0 < S 2  < 1, both negat ive 

and complex values  for  S 2  can be introduced i n  the plane P2 

by the use of phase modulating media such as thermoplast ic  

f i l m s .  The ope ra t ion  of frequency domain f i l t e r i n g  can thus 

Although 

be performed i n  plane P2.  The l ens  L3 causes a d i s t r i b u t i o n  
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t o  appear a t  t he  left-hand s i d e  of plane P3- 

transform has the p r o p e r t i e s  

Since the Fourier  

F = s ( x )  I ( 2 - 9 )  

and 

(2.10) 

the d i s t r i b u t i o n  d; corresponds t o  a r e f l e c t i o n  about 3c = 0 

of the inverse transform of the  product S1S2. I f  t he  r e f l e c -  

t i o n  is neglected,  d '  becomes 
3 

where 

s2 = F'l[S2] , 

(2 .11)  

(2 .12 )  

The convolution expression (2 .11)  corresponds t o  the output  

of the f i l t e r  and S 2  represents  i t s  impulse response. I f  a 

l i g h t  sensor  responding l i n e a r l y  t o  l i g h t  amplitude is placed 

i n  plane P3 and t raversed  along the  x3 a x i s ,  the output  cor- 

responds t o  Eq. ( 2 . 1 1 ) .  

The o p t i c a l  system can be used t o  perform operat ions of 

convolution and c o r r e l a t i o n  by p lac ing  t ransparenc ies  con- 

t a i n i n g  s i g n a l  func t ions  i n  planes P1 and P3. 

the amplitude t ransmit tance of the  transparency is plane P1 

is  descr ibed by s l ( x l ) ,  so  t h a t  

I f ,  a s  before ,  

dl(X1) = S l ( X )  I (2.13) 

the lenses L2 and L3 cause a r e f l e c t e d  image (double Fourier  
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transform) of d l  t o  appear a t  t h e  left-hand s i d e  of P3. If 

the r e f l e c t i o n  is neglected,  

w i t h  the amplitude t ransmi t tance  of the transparency i n  p lane  

P3 given by s 3 ( x 3 ) ,  the l igh t  emerging from t h e  p lane  is 

described by 

If the t ransparency i n  p lane  P1 i s  t r a n s l a t e d  i n  the negat ive 

x1 d i r e c t i o n  by an amount u,  Eq.  (2.15) becomes 

I 

The l ens  L4 causes the Four ie r  transform of Eq.  

appear a t  the left-hand side of P4 so that  

(2.16) t o  

where w4 is r e l a t e d  t o  x4 by an expression s i m i l a r  t o  

Eq.  (2 .5) .  Equation (2.17)  can a l s o  be w r i t t e n  

so tha t  

(2.17) 

(2.18) 

(2.19) 

This l a s t  expression is recognized as the c r o s s c o r r e l a t i o n  of 

the func t ions  s1 and s3 evalua ted  a t  u. Thus, a l i g h t  sensor  
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placed i n  plane P4 a t  the o r i g i n  of the  x4 a x i s  can be used 

t o  ob ta in  the  c o r r e l a t i o n  of s1 and s3 as s1 is t r a n s l a t e d  

p a r a l l e l  t o  the  x ax i s .  

t i o n s  , the  opera t ion  corresponds t o  c ros sco r re l a t ion .  When 

they a r e  the  same, au tocor re l a t ion  results. 

When SI and 53 a r e  d i f f e r e n t  func- 

2 .2  Imaqinq Errors  Due t o  Geometric 
Deviations 

I n  an o p t i c a l  system such a s  t h a t  shown i n  Fig. 2 .1 ,  the 

Fourier  transform r e l a t i o n  holds only between the var ious 

planes P1, P2, e t c .  

i n  the  processor  devia tes  i n  p o s i t i o n  from one of these p lanes ,  

e r r o r s  i n  the  o p t i c a l  imaging and r e s u l t a n t  processor output  

occur. It i s  thus important t o  know what t h e  e f f e c t s  of such 

devia t ions  a r e  and t o  what e x t e n t  they a f f e c t  t he  operat ion 

I f  a transparency or l i g h t  sensor  placed 

of the system as  a da t a  processor.  

I n  a paper concerned w i t h  the mathematical d e s c r i p t i o n  

of the formation of o p t i c a l  images, J. E. Rhodes (1953) de- 

sc r ibed  phase d i s t o r t i o n s  r e s u l t i n g  from defocused images 

which can be r e a d i l y  i n t e r p r e t e d  i n  terms of the no ta t ion  

and geometry of the  o p t i c a l  system descr ibed i n  t he  previous 

sec t ion .  I n  Rhodes' paper the Fourier  transform r e l a t i o n  

between the complex l i g h t  amplitude d i s t r i b u t i o n s  i n  the two 

f o c a l  planes of a lens  was derived. A s s u m e ,  f o r  example, 

t h a t  the der ived Fourier  transformation e x i s t s  between the  

planes P1 and P2 of Figure 2.1.  

previous s e c t i o n ,  the complex l i g h t  amplitude d i s t r i b u t i o n s  

Using the no ta t ion  of the  
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i n  the t w o  p lanes  a r e  r e l a t e d  by 

w h e r e  F denotes the Four ie r  transform opera t ion  and w2 is  

r e l a t e d  t o  x2 by Eq.  (2 .5) .  Rhodes descr ibed  imaging e r r o r s  

i n  p lane  P2 a s  the p lane  PI is  d isp laced  by a d i s t ance  Az 

along the o p t i c  a x i s .  

The r e s u l t  was 
n 

(2 .21 )  

where Az r ep resen t s  the displacement of the plane P 1  and X is  

the wavelength of the i l lumina t ion .  Equation (2 .21)  shows 

t h a t  the imaging error corresponds t o  a frequency dependent 

phase delay.  The  Four ie r  transform of dl(xl)  i s  thus d is -  

t o r t e d  by th i s  f a c t o r  as the p lane  P1 is  d isp laced  from the 

f o c a l  p lane  of the l e n s  L2. 

Vander Lugt (1967) descr ibed  some e f f e c t s  of s m a l l  d i s -  

placements of s p a t i a l  f i l ters  on s ignal- to-noise  r a t i o s  i n  

coherent o p t i c a l  processors .  The r e s u l t s  of t h i s  work can 

be i n t e r p r e t e d  i n  t e r m s  of the o p t i c a l  processor  model 

presented i n  the previous sec t ion .  W i t h  a processor  con- 

f i g u r a t i o n  s i m i l a r  t o  tha t  described f o r  frequency domain 

f i l t e r i n g ,  e f f e c t s  of d i sp l ac ing  the  t ransparency i n  plane 

P2 both t r ansve r se ly  and long i tud ina l ly  along the o p t i c  (2) 

a x i s  w e r e  considered. 

t o  conta in  a s i g n a l  s l (xl)  accompanied by an a d d i t i v e  noise  

Assuming the t ransparency i n  p lane  P1 



1 2  

nl(xl)  having uniform s p e c t r a l  d e n s i t y ,  the complex l igh t  

amplitude d i s t r i b u t i o n  corresponding t o  t h a t  emerging from 

P1 w a s  descr ibed  by 

d l ( X l )  = S l ( X 1 )  + nl(X1) - (2 .22)  

The d i s t r i b u t i o n  inc iden t  on p lane  P2 w a s  then descr ibed  

where S1 

forms of 

p lane  P2 

mit tance 

d i ( w 2 )  = S1(w2) + N (w 1 ,  (2 .23 )  1 2  

and N1 r ep resen t ,  r e s p e c t i v e l y ,  the Four ie r  t r ans -  

s 1  and n l  due t o  the imaging of l e n s  L2. 

a matched f i l t e r  having a complex amplitude t r ans -  

I n  the 

func t ion  

(2.24) 

w a s  assumed, where the asterisk denotes the complex conjugate 

and C is  a cons tan t .  

A t r ansve r se  displacement of the f i l t e r  by an amount 

The l i g h t  d i s t r i b u t i o n  emerging from Aw2 w a s  considered. 

p lane  P2 was described by a term corresponding t o  the s i g n a l  

given by 

and a noise  t e r m  



I n  the  plane corresponding t o  P 3 ,  the transforms 

and (2.26) appear so t h a t  t he  l i g h t  d i s t r i b u t i o n  

descr ibed by 

13 

of (2.25) 

t he re  i s '  

(2.27) 

when the  r e f l e c t i o n  about x3  = 0 is  neglected, 

appearing i n  (2 .27 )  t hus  correspond t o  the s i g n a l  and noise  

components of the output  of the displaced matched f i l t e r .  A 

signal- to-noise  power r a t i o  was then formulated from these  

two components. W i t h  the  assumption of a s i g n a l  form which 

maximizes the  degradation of the  performance of the f i l t e r  

The two terms 

as  it is d isp laced ,  the  noise- to-s ignal  r a t i o  was shown t o  

have the  form 

(2.28) 

where SNR, i s  the  noise- to-s ignal  r a t i o  f o r  zero displacement 

and A L  i s  the  s p a t i a l  e x t e n t  of the  s i g n a l  s1. T h i s  r e l a t i o n  

was considered a s  a measure of the performance of the d is -  

placed f i l t e r .  The funct ion  i n  the bracke ts  of (2.28) i s  of 

the  s i n  x/x type which occurs f r equen t ly  i n  communication 

theory.  The  maximum value occurs f o r  x (i.e. Aw2) equal  t o  

zero,  and the  func t ion  is s i m i l a r  t o  a damped cosine wave, 

Equation (2.28) thus demonstrates the  degradat ion of the 
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SNR as Aw2 increases .  

Aw2 on the f i l t e r ' s  opera t ion  is thus apparent.  

The e f f e c t  of t he  l a t e r a l  displacement 

Vander Lugt then considered a long i tud ina l  displacement 

of the  f i l t e r  Az which corresponds t o  the displacement of t h e  

Plane P2 of Figure 2 . 1  along the o p t i c  a x i s .  H e  showed t h a t  

the  e f f e c t  of such a displacement 

equation i d e n t i c a l  t o  (2.28)  with 

could be descr ibed by an  

the  e f f e c t i v e  Aw2 given by 

(2.29)  

where the wavelength h and f o c a l  length F follow the  no ta t ion  

of the  previous s e c t i o n ,  and xo corresponds t o  the  p o s i t i o n  

of the  s i g n a l  s1 on the x1 a x i s  of plane P1. 

2 . 3  Non l inea r i t i e s  i n  O p t i c a l  
Data Processors 

2,3.1 The Zero-Memory Model and Methods of Analysis 

Do H. Kelly (1960) introduced a three-s tage model f o r  t he  

ana lys i s  of photographic imaging processes .  I n  the f irst  

s t age ,  t he  l i g h t  s c a t t e r i n g  p r o p e r t i e s  of t h e  emulsion a r e  

accounted fo r .  The s c a t t e r i n g  prevents  the emulsion from 

f a i t h f u l l y  reproducing images of sharp edges o r  exposure 

p a t t e r n s  where the inc iden t  i n t e n s i t y  v a r i e s  considerably 

over small  s p a t i a l  dimensions. This e f f e c t  is  analogous t o  

the low-pass f i l t e r i n g  of e l e c t r i c a l  s i g n a l s .  The f i r s t  

s t age  of the model corresponds t o  image f i l t e r i n g  of this  

type. A s i m i l a r  f i l t e r i n g  opera t ion  occurs during the 
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development of the photographic material-  The th i rd  stage 

c h a r a c t e r i z e s  this  effect. Non l inea r i t i e s  i n  the photo- 

graphic  process  are accounted f o r  i n  the second s t age .  A 

pointwise nonl inear  t ransformation is  used t o  relate the so- 

called l a t e n t  image d e n s i t y  ( inpu t  t o  t h i r d  stage) t o  the 

e f f e c t i v e  exposure (output  of f irst  stage). The transform- 

a t i o n  i s  termed pointwise s i n c e  the l a t e n t  image d e n s i t y  a t  

a given p o i n t  on the  emulsion su r face  is dependent only on 

the e f f e c t i v e  exposure a t  tha t  po in t .  An anal,ogous s i t u a -  

t i o n  occurs  i n  the a r e a  of electrical  engineer ing when s i g -  

n a l s  are passed through nonl inear  devices .  I f  the ins tan-  

taneous output  of the device depends only on the i n s t a n t a -  

neous inpu t ,  the n o n l i n e a r i t y  is s a i d  t o  be of the zero- 

memory type (Middleton, 1960). The func t ion  desc r ib ing  the 

nonl inear  t ransformation is termed the characterist ic func- 

t i o n ,  the t r a n s f e r  c h a r a c t e r i s t i c ,  o r  simply the character- 

is t ic-  

I n  the l i t e r a t u r e  on o p t i c a l  d a t a  processing and 

holography,methods of analyzing zero-memory n o n l i n e a r i t i e s  

have followed t w o  genera l  approaches. I n  the f i r s t ,  

c h a r a c t e r i s t i c  func t ions  are represented  by their  Four ie r  

or Laplace i n t e g r a l  transforms. These methods have been 

widely used  i n  the f i e l d  of communication theory.  They 

a l l o w  the determinat ion of nonl inear  effects on a wide 

v a r i e t y  of s i g n a l  or image f o r m s  and have been app l i ed  p r i -  

mari ly  t o  the a n a l y s i s  of a n a l y t i c  models of a c t u a l  nonl inear  
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, 

characteristics. The models a l l o w  q u a l i t a t i v e  understanding 

of the effects of the n o n l i n e a r i t i e s  tha t  they r ep resen t  and 

a r e  q u i t e  u s e f u l  i n  theoretical s t u d i e s .  I n  the  second 

approach, the nonl inear  characteristics, o r  models f o r  them, 

are analyzed d i r e c t l y .  In  m o s t  a p p l i c a t i o n s ,  Taylor or power 

series expansions are employed w h i c h  a l l o w  the nonl inear  

e f f e c t s  t o  be computed f o r  s i n u s o i d a l  s i g n a l s .  The  d i rect  

methods have been app l i ed  t o  the a n a l y s i s  of empi r i ca l ly  

obtained c h a r a c t e r i s t i c s .  They can be r e a d i l y  app l i ed  t o  

such c h a r a c t e r i s t i c s  and y i e l d  q u a n t i t a t i v e  r e s u l t s  w i t h  a 

minimum of compu t a t iona 1 comp l e x  i t y  . 

2 - 3 - 2  Transform Methods 

Davenport and Root (1958) described t h e  use of Transform 

methods for the  a n a l y s i s  of zero-memory nonl inear  charac te r -  

i s t i c s ,  I n  t h e i r  d e s c r i p t i o n ,  t h e  output  of a nonl inear  

device is expressed a s  

Y = f ( x )  (2.30)  

where x r ep resen t s  the inpu t  of the device and f r ep resen t s  

the zero-memory characteristic. The i npu t  of  t h e  device is 

assumed t o  be a func t ion  of some o r v a r i a b l e  t so  tha t  

Y ( t )  = f [ x ( t ) J .  (2 .31)  

If t h e  func t ion  f is s e c t i o n a l l y  smooth and 

S 
- W  

dx < + (2.32) 

e x i s t s ,  the Four ie r  transform of f e x i s t s  and is  given by 
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(2.33) 
3 
-03 

The output  of the nonl inear  device can then be expressed a s  

W 

1 Y = f ( X )  = 5 F(v)ejvxdv. 
- W  

For a given inpu t ,  x ( t )  I y becomes 

(2.34) 

(2.35) 

This express ion  is  used t o  o b t a i n  the form of y ( t )  from the 

input  func t ion  x ( t)  

I n  some cases  t h e  c h a r a c t e r i s t i c  func t ion  f may n o t  

m e e t  t h e  condi t ion  (2.32) b u t  may s a t i s f y  

and 

(2.37) 

where MlI M2'  UlI U2 are p o s i t i v e  cons tan ts .  In  such cases 

f can be represented  by a p a i r  of u n i l a t e r a l  Laplace t r ans -  

forms given by 

(2.38) 

and 

(2.39) 
-m 
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where p = u + j v .  The  ou tput  of the nonl inear  device is  then 

given by 

y = f ( x )  = - En j [f1i+jw(p)eXp dp 
o1- jw  

(3.40) 

where 5 1  > ul and O 2  < U2. 

expressed as 

For a given x ( t ) ,  the output  is 

(2.41) 

I n  e i t h e r  Eq. (2.35) or (2.41).  the form of y ( t )  is usua l ly  

obtained by expanding the exponent ia l s  conta in ing  x (t) and 

computing the inverse  transform t e r m w i s e .  

Kozma (1966) employed the Four ie r  transform method t o  

describe s o m e  gene ra l  effects of n o n l i n e a r i t i e s  encountered 

i n  the photographic recording of s p a t i a l l y  modulated coherent  

l igh t .  He considered the  recording of a one-dimensional 

i n t e r f e r e n c e  p a t t e r n  c rea t ed  by two monochromatic wavefronts. 

One of these w a s  a r e fe rence  wave having a complex representa-  

t i o n  
r ( x )  = kejbx , (2.42) 
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where k is the amplitude of t h e  wave, b is  a cons t an t ,  and 

x is the s p a t i a l  v a r i a b l e  on the photographic ma te r i a l .  The 

second wavefront contained s i g n a l  information t h a t  w a s  t o  

be subsequently e x t r a c t e d  from the photographic recording. 

The complex amplitude of this  wave was descr ibed by 

s ( x )  = a ( x ) e  -jpl(x) (2.43) 

where t h e  func t ions  a ( x )  and P (x )  conta in  the information t o  

be ex t r ac t ed .  The i n t e r f e r e n c e  p a t t e r n  of these wavefronts 

was shown t o  c r e a t e  a modulation of the exposure of the 

recording medium given by 

E(x)  = t a 2 ( x ) +  2 tka (x )  cos[bx + @ ( x ) ]  , (2.44) 

where t i s  the exposure t i m e .  

A zero-memory n o n l i n e a r i t y  having f u n c t i o n a l  form G 

was assumed t o  relate the amplitude t ransmi t tance  Qf +the 

photographic m a t e r i a l  t o  i t s  exposure. Thus the  s p a t i a l  

v a r i a t i o n  of the amplitude t ransmi t tance  was given by 

g ( X I  = G [ E ( x ) ]  . (2.45) 

Using a Four ie r  transform rep resen ta t ion  f o r  the n o n l i n e a r i t y  

G, Kozma showed that  the f o r m  of E ( x )  given i n  (2.44) r e s u l t s  

i n  an expression f o r  g ( x )  tha t  can be w r i t t e n  as 

m=o 
(2.46) 

w h e r e  the var ious  t e r m s  of the series r e s u l t  from the expan- 

s i o n  of the exponent ia l  i n  the inverse  transform. The 
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s i m i l a r i t y  of the f irst  two terms of this series t o  the two 

t e r m s  i n  (2.44) is  ev ident .  An er ror - func t ion- l imi te r  model 

was assumed f o r  the n o n l i n e a r i t i e s .  G w a s  thus  given by 

(2.47) 

w h e r e  L and S are aons tan ts .  The i n t roduc t ion  of th i s  model 

y i e lded  expressions f o r  Ho and H1 given by 

L 

HOW = (,J;;)[ta2(x)1 L 2  f ( x )  (2.48) 

H1(x) = ( F G ) [ 2 t k a ( x ) ]  f ( x )  (2.49) 

and 

w h e r e  Io r ep resen t s  the zero-order modified B e s s e l  f unc t ion  

of the f i r s t  type.  Thusr the f i r s t  two t e r m s  of Eq.  (2.46) 

correspond t o  Eq. (2.44) except  for the amplitude d i s t o r t i o n  

f a c t o r  f ( x ) .  The f o r m  of th is  d i s t o r t i o n  factor was s tud ied  

f o r  cases of mild and severe  nonl inear  d i s t o r t i o n .  For mild 

d i s t o r t i o n s  represented  by t k a ( x )  << S ,  a series expansiom 

of Eq. (2.50) gave 

and 

The leading  terms i n  these expressions are i d e n t i c a l  t o  the 
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terms i n  t h e  exposure expression.  Kozma concluded t h a t  f o r  

m i l d  nonl inear  d i s t o r t i o n s ,  both the  func t ions  a ( x )  and @(x) 

can be recovered from the photographic recording. For severe 

d i s t o r t i o n s  represented by t k a ( x )  >> S, an asymptotic expan- 

s i o n  of Eq. (2.50) yielded 

and 

(2.53)  

(2.54) 

These expressions conta in  no terms w i t h  amplitude f l u c t u a t i o n s  

s i m i l a r  t o  those of Eq. (2.44) and amplitude information is  

the re fo re  l o s t .  The phase func t ion  @ ( x ) ,  however, s t i l l  

appears i n  the second term of Eq. (2 .46) .  Thus Kozma con- 

cluded t h a t  even w i t h  severe  n o n l i n e a r i t i e s  i n  photographic 

processes ,  phase information i n  a recorded s i g n a l  of t he  

f o r m  of (2.43) can be recovered. These r e s u l t s  demonstrate 

t h a t  s p a t i a l  f i l t e r s  f o r  use i n  o p t i c a l  d a t a  processors  can 

be f e a s i b l y  made by photographical ly  recording i n t e r f e r e n c e  

p a t t e r n s  of re ference  and s i g n a l  waves a s  given by (2 .42)  

and (2.43) .  

F r i e sem and Zelenka (1967) used t h e  Laplace transform 

method t o  descr ibe  the e f f e c t s  of photographic n o n l i n e a r i t i e s  

i n  holography. They assumed exposure of the  photographic 

m a t e r i a l  t o  a monochromatic reference beam w i t h  complex 

r ep resen ta t ion  

r ( x )  = A r e  j W x )  (2.55) 
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where A, is  a cons t an t  and e r ( x )  is a l i n e a r  func t ion  of x, 

and a s i g n a l  b e a m  given by 

(2.56) 

where Al l  

are l i n e a r  func t ions  of x. A s i g n a l  b e a m  of the form Eq.(2.56) 

a r e  cons tan ts  such tha t  A1 >> A2 and e , ( x ) , e 2 ( x )  

occurs when the "scene" of the hologram conta ins  t w o  p o i n t  

sources  of d i f f e r e n t  i n t e n s i t i e s .  The r e s u l t i n g  amplitude 

t ransmi t tance  of the hologram was described by 

(2.57) 

w h e r e  g r ep resen t s  the nonl inear  c h a r a c t e r i s t i c  of the photo- 

graphic  process ,  and u ( x )  r ep resen t s  the modulation of the 

exposure r e s u l t i n g  f r o m  the i n t e r f e r e n c e  of E q s .  (2.55) and 

(2.56).  The form of v ( x )  was obtained by the Laplace t r ans -  

form method and assuming g t o  be an odd power-law funct ion  

of the f o r m  

g ( u )  = UIUI  Y - 1  (2.58) 

w h e r e  v 2 0. 

w a s  shown t o  have t e r m s  which y i e l d  an output  image corre- 

sponding t o  an a r r a y  of p o i n t  sources .  

sources  correspond t o  the r econs t ruc t ion  of the images of the  

o b j e c t  p o i n t s ,  and the o t h e r s  correspond t o  f a l s e  images. 

The r e s u l t i n g  amplitude t ransmi t tance  func t ion  

Two of the p o i n t  

For severe  n o n l i n e a r i t i e s ,  the false images of t h e  s t ronge r  

source are of i n t e n s i t y  comparable t o  tha t  of the recon- 

s t r u c t e d  w e a k  source.  Experimental r e s u l t s  included i n  the 

paper demonstrated the occurrence of the f a l s e  images. 
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2 3.3 D i r e c t  Methods 

I n  the area of o p t i c a l  data processing,  d i rect  methods 

of analyzing zero-memory c h a r a c t e r i s t i c s  have been appl ied  

i n  t w o  ways. I n  t h e  f i r s t ,  n o n l i n e a r i t i e s  i n  photographic 

processes  have been modeled by so-called gamma-law char- 

a c t e r i s t i c s .  That i s ,  the i n t e n s i t y  t ransmi t tance  of a 

t ransparency is assumed t o  be related t o  i t s  exposure by an 

equat ion of the form 

T = KE-' , (2.59) 

w h e r e  T r ep resen t s  the i n t e n s i t y  t ransmi t tance ,  E the expo- 

s u r e ,  and K and y a r e  cons tan ts .  T h i s  r e l a t i o n  assumes the 

nonl inear  c h a r a c t e r i s t i c  t o  be rep resen tab le  by a power-law 

curve. W i t h  the exposure given as a s i n u s o i d a l  func t ion  of 

a s p a t i a l  v a r i a b l e ,  a power series expansion of the t e r m  

EpyY i s  used t o  o b t a i n  an approximate express ion  f o r  the 

r e s u l t a n t  s p a t i a l  v a r i a t i o n  of the i n t e n s i t y  t ransmit tance.  

D i r e c t  methods have a l s o  been appl ied  t o  photographic non- 

l i n e a r i t i e s  without  the assumption of gamma-law models. The 

func t iona l  r e l a t i o n  between the i n t e n s i t y  t ransmi t tance  and 

exposure of a t ransparency is represented  by a polynomial 

approximation. The polynomial r e p r e s e n t a t i o n  is  used t o  

express  the s p a t i a l  v a r i a t i o n  of the i n t e n s i t y  t ransmi t tance  

when a s i n u s o i d a l  exposure p a t t e r n  is  assumed. 

I n  a paper concerned w i t h  the a p p l i c a t i o n  of sine-wave 

response techniques t o  photographic processes ,  R. L. Lamberts 
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(1961) employed the gamma-law model. Non l inea r i t i e s  i n  photo- 

graphic  processes  w e r e  descr ibed by an equat ion of t he  form 

of (2 ,59( .  An exposure of the form 

E ( x )  = 1-A COS x (2.60) 

was assumed where A is a cons tan t  less than one. The r e s u l t -  

a n t  i n t e n s i t y  t ransmi t tance  was descr ibed by 

T(x) = K(1-A cos x)-' . ( 2 . 6 1 )  

A binomial expansion of t h e  f a c t o r  ( l - A  cos x ) - ~  w a s  used t o  

give an expression of t he  form 

T(x)  = K [ l  + (T)AcoS x+($)A2cos2x + . . . I r  (2,62) 

where t h e  parentheses  r ep resen t  binomial Coef f i c i en t s ,  By 

expanding the powers of t h e  cosine func t ion ,  t h i s  expression 

becomes 

T(x) = K [ Qo + Q, cos x f Q cos (2x) + ., -,I ( 2 . 6 3 )  2 

where the  Q c o e f f i c i e n t s  a r e  obtained from the  parameters A 

and y. Lamberts presented a t a b l e  g iv ing  the  Q c o e f f i c i e n t s  

of o rde r s  zero  through e i g h t  f o r  values  of A ranging from 

0.1 t o  0.7 and gammas between 0 - 5  amd 2 - 0 .  The Q c o e f f i c i e n t s  

of second and h igher  orders  gave the  amplitudes of t he  har -  

monic d i s t o r t i o n s  of t he  s i n u s o i d a l  exposure based on the  

gamma-law model, Lamberts' papep d id  no t  conta in  exper i -  

mental r e s u l t s  d i r e c t l y  r e l a t e d  t o  the  Q c o e f f i c i e n t s .  
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R, E ,  L i t t l e  (1966) employed the gamma-law model i n  a 

paper concerned w i t h  the suppression of harmonic d i s t o r t i o n  

i n  photographic images. The  r e s u l t a n t  i n t e n s i t y  t ransmit-  

tance of a nega t ive-pos i t ive  photographic process  was 

r e l a t e d  t o  the exposure by 

( 2 . 6 4 )  

where K is a cons tan t  and y1 and y 2  r ep resen t  r e spec t ive ly ,  

the gammas of the negat ive and p o s i t i v e  photographic m a t e -  

r i a l s .  Following a development s i m i l a r  t o  Lamberts' .  L i t t l e  

showed t h a t  a n  exposure of the form 

E(x)  = a + b s i n  x I ( 2 . 6 5 )  
r 

where a and b a r e  cons tan ts  such t h a t  a 2 b, leads t o  a 

r e s u l t a n t  i n t e n s i t y  t ransmi t tance  given by 

B C 
A A 

T(x)  = ~ [ 1  + - s i n  x + - c o s  2x + ...I I ( 2 . 6 6 )  

w h e r e  the cons tan ts  A,  B, and C can be evaluated i n  t e r m s  of 

L i t t l e  computed the 2 -  
the parameters M, a ,  b, y l J  and y 

values  of the fundamental and second harmonic coefficients 

i n  ( 2 , 6 6 1  f o r  a range of values  of the parameters. H e  com- 

pared the ca l cu la t ed  fundamental amplitudes t o  those r e s u l t -  

ing  f r o m  experiment, The comparison showed t h a t  for r e l a t i v e l y  

high l e v e l s  of average exposure, r e s u l t s  from the gamma-law 

model w e r e  f a i r l y  accura te .  For#lower average exposure l e v e l s ,  

the fundamental amplitudes obtained from the gamma-law model 



26 

d i f f e r e d  from those obtained experimental ly  by considerable  

amounts (10 t o  75%)* 

Do C, Espley (1933) descr ibed a method of c a l c u l a t i n g  

t h e  effects of zero-memory n o n l i n e a r i t i e s  on s i n u s o i d a l  

s i g n a l s  t h a t  i s  based on polynomial approximations. It has 

been subsequently employed i n  t h e  a rea  of o p t i c a l  d a t a  proc- 

e s s ing ,  I n  a paper concerned w i t h  the  determinat ion of 

harmonic d i s t o r t i o n s  produced by vacuum t u b e s ,  Espley 

represented the  p l a t e -cu r ren t  gr id-vol tage c h a r a c t e r i s t i c  of 

a tube by a polynomial approximation. The approximation was 

obtained from t h e  func t iona l  values  of t h e  c h a r a c t e r i s t i c  a t  

a se t  of equa l ly  spaced values  of g r i d  vol tage.  A t y p i c a l  

polynomial is given by 

n-1 
n-leg i = a  + a e  + . . . + a  

0 1 9  a P 
(2.67) 

where i rep resen t s  the p l a t e  c u r r e n t ,  e the g r i d  vol tage ,  

and t h e  a c o e f f i c i e n t s  a r e  cons tan ts ,  Values f o r  t he  a 

c o e f f i c i e n t s  w e r e  obtained from t h e  s o l u t i o n  of t he  set  of 

n simultaneous equat ions r e s u l t i n g  from the  eva lua t ion  of 

Eq. (2.67) a t  t h e  n equal ly  spaced values  of e 

a gr id-vol tage s i g n a l  

P g 

By assuming 9" 

e = K s i n ( w t )  , (2.68) 
g 

where K i s  an amplitude cons tan t ,  + W  is the  r ad ian  frequency 

of t he  s i g n a l ,  and t i s  t i m e :  Equation (2-67)  becomes 

ip(t) = bo + bls in(wt)  + + bn-lsin[ (n-l)wt] , (2-69)  
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where the b c o e f f i c i e n t s  a r e  given e x p l i c i t l y  i n  t e r m s  of 

the a c o e f f i c i e n t s  and K. The b c o e f f i c i e n t s  of second and 

h igher  o rde r s  thus  correspond t o  harmonic d i s t o r t i o n s .  

Espley der ived  equat ions g iv ing  these d i r e c t l y  i n  terms of 

the n equal ly  spaced f u n c t i o n a l  values  of the c h a r a c t e r i s t i c  

and the cons tan t  K. Versions of t h i s  method are described 

i n  a number of r ecen t  books on elementary e l e c t r o n i c  c i r c u i t  

theory (Ryder, 1964 and Ch i r l i an ,  1965). 

J, S, Wilczynski (1961) employed Esp ley ' s  method f o r  

the determinat ion of harmonic d i s t o r t i o n s  r e s u l t i n g  f r o m  the 

exposure of photographic p l a t e s  t o  s i n u s o i d a l  i n t e n s i t y  

p a t t e r n s .  By exposing a number of p l a t e s  t o  p a t t e r n s  of the 

form 

E(x)  = a + b sin(wxx),  (2.70) 

w h e r e  a ,  b, and wx a r e  cons tan ts  (a 2 b ) ,  Wilczynski compared 

the r e s u l t a n t  v a r i a t i o n  of the opac i ty  of the p l a t e s  t o  t h a t  

computed by applying Esp ley ' s  method t o  the measured opaci ty-  

exposure c h a r a c t e r i s t i c  curves. By f i t t i n g  fou r th  and s i x t h  

order  polynomials t o  the c h a r a c t e r i s t i c  curves ,  the funda- 

mental and harmonic amplitudes of o rde r s  t w o  through four  

w e r e  obtained. The  r e s u l t s  agreed w e l l  i n  the experiment 

f o r  a wide range of exposure condi t ions of the p l a t e s .  

Howeverd i n  ins tances  when h igh  c o n t r a s t  s i n u s o i d a l  p a t t e r n s  

w e r e  recorded, h igher  order harmonics showed some v a r i a t i o n  

f r o m  the ca l cu la t ed  values.  Wilczynski a sc r ibed  these  
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d i f f e r e n c e s  t o  a development effect  w h i c h  w a s  no t  accounted 

f o r  i n  h i s  measurement of the opacity-exposure characteristics. 

I n  r ecen t  s t u d i e s ,  F. J. Tischeru  ind ica t ed  that  the 

r ep resen ta t ion  of a nonl inear  c h a r a c t e r i s t i c  by Tchebyscheff 

polynomials can lead t o  s i m p l i f i c a t i o n  of the computational 

procedures w i t h  w h i c h  the harmonic d i s t o r t i o n s  of s i n u s o i d a l  

s i g n a l s  a r e  obtained,  By proper ly  expanding a given charac- 

t e r i s t ic  i n t o  a series of Tchebyschef f polynomials, the 

amplitude of each harmonic of a d i s t o r t e d  s i g n a l  was shown 

t o  be equal  t o  the expansion c o e f f i c i e n t  of corresponding 

order .  T h i s  i s  i n  c o n t r a s t  t o  the Taylor series expansion 

w h e r e  the amplitude of each harmonic is  given by an i n f i n i t e  

series of the expansion c o e f f i c i e n t s .  

F. J. Tischer. September 15 ,  1967. I n t e r i m  Progress 
Report, Nat ional  Aeronautics and Space Administration G r a n t  
NGR 34-002-038/52, Department of E l e c t r i c a l  Engineering, North 
Carolina S t a t e  Univers i ty ,  Raleigh, N o r t h  Carol ina.  
(Unpublished) 
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3 .  IMAGING ERRORS DUE TO GEOMETRIC DEVIATIONS 

3.1 In t roduct ion  

I n  coherent  o p t i c a l  data processors ,  s i g n a l s  are recorded 

on s i g n a l  carriers such a s  photographic t r anspa renc ie s ,  photo- 

chromic g l a s s e s ,  or o the r  media capable of l i g h t  modulation. 

A beam of coherent  l i g h t  passes  through the s i g n a l  c a r r i e r  
9. 

su r face  and the d a t a  process ing  is  accomplished o p t i c a l l y .  

I f  t h e  geometry of the s i g n a l  c a r r i e r  su r f ace  dev ia t e s  by a 

s m a l l  amount from t h a t  which is  optimum, d i s t o r t i o n s  r e s u l t  

i n  the o p t i c a l  imaging wi th in  the processor ,  These d i s t o r -  

t i o n s ,  i n  t u r n ,  cause s i g n a l  d i s t o r t i o n s  t o  appear i n  the 

processor  output .  Geometric dev ia t ions  of signaL carrier s u r -  

f aces  can be caused by imperfect ions i n  the shape of the sur -  
\ 

f aces  o r  by alignment errors i n  the o p t i c a l  system. 

I n  th i s  chap te r ,  imaging d i s t o r t i o n s  for  s e v e r a l  types 

of geometric d e v i a t i o n s  a r e  der ived.  

those t h a t  can occur i n  a c t u a l  processors ,  The d i s t o r t i o n s  

a r e  i n t e r p r e t e d  i n  t e r m s  of the Four ie r  transforms of the 

s i g n a l s  recorded on the s i g n a l  c a r r i e r  su r f aces  and are shown 

t o  correspond t o  a t t e n u a t i o n ,  frequency s h i f t s ,  and phase 

These dev ia t ions  model 

errors i n  e l e c t r o n i c  systems. The Kirchhoff i n t e g r a l  s o l u t i o n  

of the scalar wave equat ion is used t o  d e r i v e  q u a n t i t a t i v e  

r e l a t i o n s  between the d i s t o r t i o n s  and the parameters describ- 

ing  the dev ia t ions  of the s i g n a l  carrier su r face  geometry. 

Figure 3 . l . i n t r o d u c e s  a p o r t i o n  of a t y p i c a l  coherent  

processor  model. The t h r e e  p lanes  shown a r e  t r ansve r se  t o  



30 

Object 
plane 

Frequency 
plane 

U Lens 

Figure 3.1 Model of a portion of a typical optical 
data processor 



31 

the z a x i s  and coherent  l i g h t  is assumed t o  be propagating i n  

the p o s i t i v e  d i r e c t i o n  along th i s  a x i s ,  The o b j e c t  and fre- 

quency p lanes  coincide w i t h  the t w o  f o c a l  p lanes  pf the lens .  

A one-dimensional s i g n a l  is  assumed to  be introduced t o  t h e  

processor  on a s i g n a l  c a r r i e r  su r f ace  tha t  i d e a l l y  coincides  

w i t h  the o b j e c t  plane.  The s i g n a l  is  assumed t o  have neg l i -  

g i b l e  w i d t h  and i s  recorded a s  a func t ion  of a s p a t i a l  v a r i -  

ab l e  x' as shown i n  the f i g u r e .  The remainder of the s i g n a l  

carrier su r face  is assumed t o  be opaque. The  s i g n a l  is 

represented  by the amplitude t ransmi t tance  func t ion  t ( x ' ) .  

Figures 3 . 2  through 3.4 introduce the geometric devia- 

t i o n s  of the s i g n a l  carrier su r face  t h a t  a r e  considered. I n  

Figure 3 - 2 ,  the s i g n a l  c a r r i e r  su r f ace  is  a p lane  w h i c h  is 

t i l t e d  w i t h  r e spec t  t o  the  o b j e c t  plane.  T h i s  geometry can 

be used t o  model alignment errors i n  a c t u a l  processors .  I n  

Figures 3 . 3  and 3.4, the s i g n a l  c a r r i e r  su r f ace  corresponds 

t o  c y l i n d r i c a l  and s p h e r i c a l  s ec t ions .  T h i s  geometry models 

s i g n a l  carrier su r faces  having s l i g h t  warps and bends. Such 

su r faces  occur s i n c e  manufacturing to l e rances  l i m i t  the 

a t t a i n a b l e  f l a t n e s s  of a c t u a l  s i g n a l  c a r r i e r s .  

i 

T h e  r e s u l t s  of th is  chapter  can be used i n  a t  l e a s t  t w o  

types of a p p l i c a t i o n s ,  I f  alignment errors and o t h e r  geo- 

m e t r i c  dev ia t ions  are known f o r  a given processor ,  the r e s u l t -  

ing  a t t e n u a t i o n ,  frequency s h i f t s  and phase e r r o r s  i n  the 

processor  output  can be est imated.  Conversely, i f  the allow- 

able data processing e r r o r s  a r e  s p e c i f i e d  for  a system t h a t  

I 
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(a)  tilt w i t h  respect to  
x axis 

(b) tilt w i t h  respect to  
y axis 

Figure 3.2 Signal car r ie r  surface as a t i l t e d  plane 
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(a)  cylinder tangent t o  
y axis 

(b) cylinder tangent to  
x axis 

Figure 3 . 3  Signal car r ie r  surface as a c i rcular  cylinder 

z 

Figure 3.4 Signal car r ie r  surface as a sphere tangent t o  
or igin of object plane 

, 
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is  being designed, t o l e rances  can be set  on the  alignment and 

f l a t n e s s  of s i g n a l  c a r r i e r s  w i th in  the system. 

Paral le l  displacements of the s i g n a l  c a r r i e r  su r f ace  from 

The paper by Rhodes the  o b j e c t  plane a r e  not  considered here. 

(1953) which is summarized i n  t h e  l i t e r a t u r e  review e s s e n t i a l l y  

covers t h i s  case.  

3 e 2 Applicat ion of t he  Kirchhoff I n t e g r a l  
t o  the Opt i ca l  Processor Model 

Figure 3.5 in t roduces  the  model of t he  lens  t h a t  i s  used 

i n  the  following ca l cu la t ions .  The assumed imaging p r o p e r t i e s  

of t he  l ens  a re :  

A l l  rays  e n t e r i n g  the  l e n s  a t  an angle  u with 
r e spec t  t o  t h e  o p t i c  a x i s  (see Figure 3 .2)  are 
imaged i n t o  t h e  same p o i n t  of t h e  u ax i s :  

The o p t i c a l  pa th  lengths  of a l l  rays  e n t e r i n g  
t h e  l ens  a t  angle  a a r e  equal  when measured from 
any l i n e  drawn perpendicular  t o  t h e i r  d i r e c t i o n  
of propagation t o  the  p o i n t  of focus on the  u 
a x i s  ( i n  the f i g u r e ,  ro = ABC = DEC = FGC) : 

The a p e r t u r e  of t h e  l e n s  is  l a r g e  enough so 
t h a t  a l l  rays  e x i t i n g  from t h e  o b j e c t  p lane  
a t  angle  u pass  through i t ;  

A l l  l i g h t  impinging on the  lens  i s  assumed t o  
be t r ansmi t t ed  (no r e f l e c t i o n s ) .  

These assumptions are e s s e n t i a l l y  those  used by Born and 

Wolf (1965) i n  t h e  d e s c r i p t i o n  of Fraunhofer d i f f r a c t i o n  w i t h  

a " w e l l  co r r ec t ed  l e n s . "  Using t h i s  model f o r  t h e  l e n s ,  t he  

complex l i g h t  amplitude l ( u )  i n  t h e  frequency p lane  can be 

ca l cu la t ed  from the knowledge of t he  complex l i g h t  amplitude 

l ( x ' )  on the r i g h t  hand s i g n a l  carrier su r face  ( X I  i s  taken 

a s  the  s p a t i a l  v a r i a b l e  a long this s u r f a c e ) .  
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The calculation of l ( u )  from l ( x ' )  is accomplished by 

means of the Kirchhoff integral  (Tischer, 1965). W i t h  the 

assumption tha t  the incident l i gh t  amplitude is uniform . 

across the width of the recorded signal,  the Kirchhoff i n t e -  

g ra l  can be written as (see Figure 3 . 6 )  : 

1 

a 

-a 

where is a direct ional  derivative taken normal t o  the 
an 

signal car r ie r  surface -(as defined- i n  Figure 3 . 6 ) ,  

r ( x ' )  is  the ray path length from a point x' on the 
transparency surface t o  the image point on u ,  

8 = @ + Q i s  the angle between 'the normal t o  the 
signal car r ie r  surface and the ray path under 
consideration, 

X is  the wavelength of the l i gh t  employed, 

-a and a are  the aperture l i m i t s  of the processor, 

b is the w i d t h  of the signal,  and 

j = J-1 

Several simplifying approximations may be made i n  cal- 

culations of Eq. (3-1). These approximations a re  extensively 

used i n  the l i t e r a tu re  on opt ical  imaging (Rhodes, 1953) and 

are  as  follows. I n  any prac t ica l  imaging system (processor) 



36  

thus 

(3.4) 

Since r (x' ) v a r i e s  only by a s m a l l  amount, the r ( x '  ) appear- 

i ng  i n  t h e  denominator of the integrand is  replaced by some 

nominal value ro (shown i n  Figure 3.5) .  Equation (3.1)  thus 

becomes 

-a 

This expression may be f u r t h e r  s i m p l i f i e d  by w r i t i n g  l ( x ' )  and 

i n  terms of:  the inc iden t  l i g h t  wavefront,  the ampli- 
an 

tude t ransmi t tance  func t ion  t ( x ' ) ,  and the geometry of the 

s i g n a l  carrier su r face .  Assuming a p lane ,  monochromatic wave- 

f r o n t  of amplitude Lo propagat ing i n  t h e  p o s i t i v e  z d i r e c t i o n ,  

the complex l i g h t  amplitude t o  the l e f t  of the s i g n a l  c a r r i e r  

su r f ace  is  

-j2rr z 
l o ( x , z )  = Lb e h I 

w h e r e  the complex exponent ia l  r ep resen t s  the phase v a r i a t i o n  

of the wavefront w i t h  z .  The geometry of the s i g n a l  carrier 

surface can be cha rac t e r i zed ,  a s  shown i n  Figure 3 . 7 ,  by 

Thus, the complex l i g h t  amplitude i n c i d e n t  on t h e  t r ans -  

parency su r face  can be w r i t t e n  as 
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Figure 3 . 6  Application of the Kirchhof f integral  
t o  the processor model 

Figure 3.7 Parqmeters describing the signal 
car r ie r  surface 
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Mqltiplying th i s  expression by the transmittance function of 

the car r ie r  surface t ( x ' )  yields 

- jTz '  2l-T ( X I )  

l ( x ' )  = Lot(x ' )  e I ( 3 . 9 )  

which is  the complex l i g h t  amplitude on the right-hand surface 

of the signal carr ier .  

The tertn inEq. (3.5) can be evaluated as i n  the 
an 

calculation of radiation from surface wave antennas (Tischer, 

1965). I f  the transmittance function t ( x ' )  does not vary 

appreciably w i t h i n  lengths of the order of l", the complex 

l igh t  amplitude immediately to  the r igh t  of a small region of 

the transparency surface can be written 

/ 

* 2rr -JF Z 
l ( x , z )  = Lot(xA) e I (3.10) 

where t(xA) is the transmittance of the transparency near the 

region. From t?ie geometry of Figure 3 . 6 ,  

T h i s  can be w r i t t e n  as 

(3.11) 

(3.12) 

YThis assumption r e s t r i c t s  the spa t i a l  frequency spec- 
t rum of t ( x ' )  t o  frequencies of several hundred l ines  per 
millimeter and less. 
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Substitution of Eq. (3.10) in Eq. (3.12) gives 

so that for an arbitrary x', 

2n - j r  z I (x I ) 
= (-jy) cos L, t(x') e an 

(3.13) 

(3.14) 

Equations (3.9) and (3.14) can be substituted into Eq. (3.5) 

to give 

-j@ z 8 (x I )+r (x 1 3 
t(x') (cos6 + cos8)e d x '  . (3.15) l(u) = -j- h b  s' 

-a 
2r0 

In the derivations which follow, trigonometric functions 

of the angle u occur frequently. Since in any practical pro- 

cessor a is limited to small values, the following approxi- 

mations are made (see Figure 3,5). 

2 U 
M (1 - -I/ f cos CI = 

( f 2+u2)'% 2f2 

U2 
2f2 

= (1 + -), f 2+u2) L2 
(cos u)-l = ( f 

(3.16) 

(3.17) 

(3.18) 

These approximations represent the first several terms of the 

series expansions of the trigonometric functions, The approx- 

imations are computed in terms of u and f which correspond to 

physical lengths in the processor. 



40 

i 

The value of ro appearing i n  Eq. (3-15) can be calcu- 

l a t e d  with t h e  h e l p  of Figure 3.5. Inspec t ion  of t h e  f i g u r e  

shows 

ro = (cos u ) f  + (cos a)-'f. 

U s e  of E q s .  (3.17) and (3.18) g ives  

(3.19) 

2 U 2 
= f ( l  - -) U + f ( 1  + -1, 

r0 2f2 2 f 2  

or 

ro = 2f.  

U s e  of E q .  (3.21) allows r ( x ' )  t o  be w r i t t e n  as 

(3.20) 

(3.21) 

r h ' )  = ro - A r ( x ' ) ,  (3.22) 

(3.23) 

where A r ( x ' )  is  def ined  a s  shown i n  Figure 3.8. In t roduct ion  

of E q s .  (3.21) and (3.23) i n  Eq.  (3.15) y i e l d s  

-a 

(3.24) 

4n 
Since the phase s h i f t  ( - je - jTf )  i s  cons tan t  over the i m a g e  

p lane ,  i t  may be neglected so that  

This equat ion  can be app l i ed  t o  the " i d e a l "  processor  where 
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Figure 3.8 Geometry for the calculat ion of 
r' ( X I  

b 



4 2  

the t ransparency su r face  is co inc ident  w i t h  the object p lane  

(xy-plane). Inspec t ion  of F igure  3 .9  shows that  for t h i s  

case; 

x’ = x ,  

2 ’  = 0, 

A r  = x s i n  u 

and 

;pl = 0. 

Using Eq. (3 .161 ,  Eq. ( 3 . 2 8 )  becomes 

xu A r  = - f -  

( 3 . 2 6 )  

( 3 . 2 7 )  

( 3 . 2 8 )  

( 3 . 2 9 )  

( 3 . 3 0 )  

S u b s t i t u t i o n  of E q s .  ( 3 . 2 6 ) ,  ( 3 . 2 7 ) ,  ( 3 . 2 9 )  and ( 3 . 3 0 )  i n t o  

Eq.  ( 3 . 2 5 )  y i e l d s  

* 2rr a 
l ( u )  = - Lob 5 t ( x )  (cos a + 4 ) e ’ P d x .  

4f 
( 3 . 3 1 )  

-a 

Equation ( 3 . 3 1 )  thus  desc r ibes  the imaging i n  t h e  frequency 

plane of the processor  (uv-plane). I f  t h e  f a c t o r  cos u i n  

Eq. ( 3 . 3 1 )  i s  assumed to  be un i ty ,  the  equat ion becomes 

( 3 . 3 2 )  

-a 

w h i c h  is  i n  the form of  a Four ie r  t ransformation.  By def in ing  

- 2 n  = 2rrfx = wx, 
X f  ( 3 . 3 3 )  

where fx  r ep resen t s  a spat ia l  frequency and wx the correspond- 

ing r ad ian  frequency, Eq.  ( 3 . 3 2 )  becomes 
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Figure 3.9 Geometry for  s i g n a l  car r ie r  surface 
coincident w i t h  object plane 
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(3.34) 
-a 

Equation (3.32) thus r ep resen t s  the d e s i r e d  or i d e a l  imaging 

r e l a t i o n  between the  object and frequency p lanes  of the pro- 

cessor. I n  a c t u a l  processors  th i s  r e l a t i o n  holds  as an approx- 

imation s i n c e  a is a smal l  angle.  Since t h i s  development is 

concerned only with t h e  imaging errors due t o  the geometric 

dev ia t ions  of the s i g n a l  carrier s u r f a c e  f r o m  the object 

plane,  the f a c t o r  cos 8 i n  Eq. (3.25) is replaced by cos PI. 
The equat ion thus becomes 

(3.35) t ( x ' )  cos l ( u )  = - 2f  e - j p z l  ( X I )  - A ~ ( X ' ) ] ~ ~ ,  

-a 

By eva lua t ing  Eq. (3.35) i n  t e r m s  of the geometry of the 

s i g n a l  c a r r i e r  su r f ace  and comparing the r e s u l t s  t o  Eq. (3.321, 

the imaging errors introduced by the geometry become apparent.  

In  the following s e c t i o n s ,  th is  process  is  c a r r i e d  out .  

3.3 The S igna l  Carrier Surface 
as a T i l t e d  Plane 

3.3.1 Axis of T i l t  Normal t o  Di rec t ion  of Process ing  

When the s i g n a l  carrier su r face  c o n s i s t s  of a p lane  w h i c h  

is i n c l i n e d  a t  some angle  y w i t h  respect t o  t h e  x a x i s ,  t h e  

geometry corresponds t o  t h a t  of  Figures .  3;2a and 3.10. I n  

th i s  case ,  the angle  fl is equal  t o  y and does no t  vary w i t h  

X I .  Thus 

cos 9 = cos y . (3.36) 
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-a 7 
Figure 

- f  -. - f -  

3.10 Signal car r ie r  surface t i l t e d  w i t h  
respect t o  x axis  
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(3.37) 

By i n spec t ion  of Figure 3.10 ,- 

z ' ( x ' )  = x '  s i n  y ,  

and 

Ar(x')  = x '  s i n ( y  + u ) ,  (3.38) 

By expanding t h e  s i n e  func t ion ,  

Ar(x ' )  = x ' ( s i n  y cos a + s i n  u cos y ) .  (3.39) 

Using t h e  approximations of E q s .  (3.16) and (3.17) ,  

Ar(x ' )  = x ' [ s i n  y(1 - -) U 2  + cos y ] ,  (3.40) 
2f2 r 

and 

U U 2  z' ( x ' )  - Ar(x') = x '  (- - cos y + s i n  y ) .  (3.41) 
f 2f 

S u b s t i t u t i o n  of E q s .  (3.36) amd (3.41) i n  Eq. (3.35) y i e l d s  

-a 

Comparison of this  expression t o  Eq.  (3.32) p o i n t s  up t h e  

following e f f e c t s  i n  t h e  imaging of t h e  t i l t e d  sur face :  (1) 

the  amplitude of l ( u )  is reduced by the f a c t o r  cos y ,  ( 2 )  t h e  

s p a t i a l  frequency v a r i a b l e  (u or fx )  is s c a l e d  by t h e  f a c t o r  

cos y, and (3) an a d d i t i o n a l  phase t e r m  (-j n x t u 2  s i n  y )  is 

introduced i n t o  the exponent ia l .  E f f e c t s  (1) and (2 )  can be 

i n s i g n i f i c a n t  i f  y is a s m a l l  angle  s i n c e ,  then  

i f 2  

2 
cos (y) w 1 - y , (3.43) 

and t h e  angle  e n t e r s  as a second o rde r  e f f e c t .  E f f e c t  (3)  

c o n s i s t s  of a phase d i s t o r t i o n  of t h e  complex l i g h t  amplitude 
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i n  t h e  uv-plane. If t h i s  d i s t o r t i o n  is t o  be he ld  t o  wi th in  

p r ad ians ,  

Inspec t ion  of Figure 3.10 shows 

- - a. ' m a x  

(3.44) 

(3.45) 

The q u a n t i t y  Umax corresponds t o  the maximum s p a t i a l  f r e -  

quency ( f x  max ) appearing i n  the uv-plaqe. Equation (3.44) 

can thus  be w r i t t e n  as 

(3.46) 

The i n e q u a l i t y  is  thus  expressed i n  terms of the a p e r t u r e  

length  of the processor ,  the wavelength of the l i g h t  employed, 

and t h e  maximum spat ia l  frequency t o  be processed. Equation 

(3.46) expresses  the maximum allowable tilt of the o b j e c t  

plane (about an a x i s  normal t o  the d i r e c t i o n  of process ing)  

i n  t e r m s  of the maximum allowable phase d i s t o r t i o n  i n  the 

frequency plane.  S i m i l a r  equat ions can be der ived  for  e f f e c t s  

(1) and ( 2 ) .  As an example, a p p l i c a t i o n  of Eq. (3.46) t o  a 
P 

processor  

and 

where 

a = 15 mm., 

X = 6328 A, 

f x  max = 100 lines/mm., 

0 

(3.47) 

(3.48) 

(3.49) 

p = n/4 (3.50) 
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y i e l d s  

s i n  y 5 0.0026 

o r  

y < 0.15O . - 

(3.51) 

(3.52) 

3.3.2 Axis of T i l t  Para l le l  t o  Di rec t ion  of Processinq 

If t h e  s i g n a l  carrier su r face  is a plane  inc l ined  a t  

ang1e.y w i t h  respect t o  the  y axis of t h e  processor ,  the 

geometry can be represented  by Figures  3.2b and 3.11. Because 

of t h e  tilt, 

cos pr = cos y . (3.53) 

I f  t he  X I  a x i s  is  d isp laced  from the z axis by an amount y '  

( y '  is  the  s p a t i a l  v a r i a b l e  normal t o  x '  i n  the  t i l t e d  p l a n e ) ,  

then by anology t o  Eq. (3.37) and Figure 3.10, 

z '  = y '  s i n  y .  (3.54) 

From inspec t ion  of Figure 3.11, 

2' 1 -  cos a h r ( x ' )  = (x s i n  a + 

Since 

x = x '  - z '  t a n  a, 

Eq. (3.55) becomes 

o r  

A r ( x ' )  = x '  s i n  a + z '  cos u. 

Using the approximations of E q s .  (3.16) and (3.17) i n  

(3.55) 

(3.56) 

(3.57) 

(3.58) 
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x x'  I 

Figure  3.11 Signal car r ie r  surface t i l t e d  w i t h  
respect to  y axis 
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Eq.  (3.58) g ives  
2 

Ar(x ' )  = X I  LL + ~ ' ( 1  - L), 
f 2 f 2  

o r  

U 2  
y '  s i n  y ( 1  - 2) X I U  Ar(x ' )  = - 

(3.59) 

(3.60) 

S u b s t i t u t i o n  of E q s .  (3.53),  (3.55) and (3.60) i n t o  Eq. (3.35) 

y i e l d s  

(3.61) 
.2rr x ' u  -in y ) & ,  a Lob cosy 

l ( u )  = 2f t ( x ' ) e J T ( f  - 2 f 2  

-a 

This shows t h a t  when the axis  of tilt i s  p a r a l l e l  t o  the 

d i r e c t i o n  of processing,  the only frequency-dependent e f f e c t  

is  a phase d i s t o r t i o n  which increases  as t h e  o f f  axis d i s -  

tance of t h e  func t ion  being processed increases .  

Comparison of Eq.  (3.61) with Eq.  (3.32) shows t h a t  the 

tilt introduces:  (1) an amplitude reduct ion  of l ( u )  given by 

cos y ,  and ( 2 )  a frequency dependent phase d i s t o r t i o n  given 

by exp (-j xy2i2 ' s i n  y ) . g  I f  the phase d i s t o r t i o n  i s  t o  be 

kep t  w i th in  p r ad ians ,  

o r  

(3.62) 

(3.63) 

2 / A ~  i n  t h e  previous case, e f f e c t  (1) can be i n s i g n i f i c a n t  
s i n c e  f o r  s m a l l  t i l t s  y e n t e r s  as a second &der e f f e c t .  
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This las t  expression L i m i t s  the m a x i m u m  allowable tilt (about 

t he  y axis of t h e  processor )  i n  t e r m s  of  the m a x i m u m  allowable 

phase d i s t o r t i o n  i n  the frequency plane.  

3.4 The S i s n a l  Carrier Surface 
as a Cylinder 

3.4.1 Axis of Cylinder N o r m a l  t o  Direc t ion  of Processinq 

Figures  3 . 3 a  and 3.12 s h o w  t h e  geometry e x i s t i n g  i n  the  

processor  i f  t h e  s i g n a l  carrier s u r f a c e  forms a c i r c u l a r  

cy l inde r  of r ad ius  R tangent  t o  t h e  y axis. Inspec t ion  of 

Figure 3.12 shows 

and 

A l s o ,  

o r  

X '  
R' 

cos pI = cos - I 

X '  
R 

xo = R s i n  - , 
and 

x1 = xo - z ' t a n  u. 

Thus, 

(3.64) 

(3.65) 

(3.66) 

(3.67) 

(3.68) 

(3.69) 

X '  Ar(x')  = R[sin- s i n  u + (l-cosxI) cos u]. (3.70) R R 
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Figure 3.12 C y l i n d r i c a l  s i g n a l  carrier su r face  
tangent  t o  y a x i s  
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Using the approximations 

Ar(x l )  = R [ y  s i n  
R 

of EqS. (3.16) and (3.171, 

+ (1 - -+ U 2  (1- cos--) X I  3 (3.71) 
2f R 

S u b s t i t u t i o n s  of Eqs .  (3.64),  (3.65) and (3.71) i n t o  Eq. (3.35) 

y i e l d s  
a 

R 
l ( u )  = - 

-a 2f 

j+[F s i n  - X I  - - u 2 ( 1 - C O S - R )  X I  3 & I (3.72) e R 2f2 

Comparison of Eq .  (3.72) w i t h  Eq.  (3.32) shows that  t h e  

c y l i n d r i c a l  su r f ace  in t roduces  t h e  following d i s t o r t i o n s ;  (1) 

a s i g n a l  a t t e n u a t i o n  dependent on x' (cos --); X' ( 2 )  a f r e -  
R 

quency s c a l i n g  f a c t o r  dependent on x '  (R s i n  G ) ;  (3)  an 

a d d i t i o n a l  phase t e r m  i n  t h e  complex exponent ia l  given by 

For s m a l l  dev ia t ions  of t h e  geometry from TtRU2 X' C jhF2(1-cos R) 1. 
plane-form, x 'CR.  Thus, 

cos -a X '  1 - -  X I 2  I (3.73) 
R 2R2 

x '  x '  s i n  - w - 
R R '  

(3.74) 

and Eq .  (3.72) can be w r i t t e n  as 

-a 

I n  t h i s  case the d i s t o r t i o n  (2) is negl igable  and (1) corres -  

ponds t o  a second o rde r  e f f e c t .  I f  t h e  phase d i s t o r t i o n  i n  
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the  frequency p lane  i s  t o  be l i m i t e d  t o  p r ad ians ,  then 

or  

12 2 
72x max max 

2RXf2  
P =  I (3.76) 

(3.77) 

(with t h e  n o t a t i o n  used p rev ious ly ) .  

This expression can be used t o  determine the  minimum 

radius  of t h e  cy l inde r  i f  X ,  p ,  a ,  and fx  max are given. For 

example, i f  
0 

X = 6328 A ,  (3.78) 

a = 15 mm., (3.79) 

fx  max = 100 lines/mm., (3.80) 

and 

p = n/4, (3.81) 

then 

R 2 2.85 m,  (3.82) 

y i e l d s  t h e  d e s i r e d  l e v e l  of phase d i s t o r t i o n .  

3.4.2. Axis of Cylinder Para l le l  t o  Di rec t ion  of Processinq 

When t h e  s i g n a l  carrier su r face  forms a cy l inde r  of r ad ius  

R tangent  t o  t h e  x axis ,  the geometry corresponds t o  t h a t  of 

Figures  3.3b and 3.13. By analogy t o  Figure 3.12 and Eq.  ( 3  65) , 

z' = R ( 1 -  c o s c ) .  (3.83) 
R 

Inspec t ion  of Figure 3.13 shows, 
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Figure 3 . 1 3  Pro jec t ion  of c y l i n d r i c a l  s i g n a l  
carrier su r face  ( tangent  t o  x a x i s )  
onto xz-plane 
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cos pI = cos g- I (3,84) 

and 

Ar = (x sin u + z' ) .  cos u 

As in Eq. (3,56), 

x = xs - z'(tan u), 

(3,851 

(3.86) 

so that 

Ar = (XI sin u + z' cos 0 1 ) .  (3.87) 

Application of Eq. (3.83) and the approximations of Eqs. 

(3 a 16) and (3 e 17) yields 

Substitution of E q s ,  (3.83), (3.84), and (3.88) into Eq. (3.35) 

gives 

d -a 

Comparison of this equation with Eq. (3.32) shows that the 

imaging distortions are: (1) an amplitude attenuation cos 

and (2) an additional phase term in the exponential, For 

small deviations of the geometry from planer form, y' C R. 

y" 

Thus 

R 2R 

and Eq, (3.89) can be written as 

(3-90) 

(3.91) 
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Requiring the  phase d i s t o r t i o n  t o  be l i m i t e d  t o  p rad ians  

gives  
2 I 2  
max Y > 

2XRf2 ' P ,  

or 

(3.92) 

(3.93) 

Thus, t he  minimum rad ius  of t he  cy l inde r  can be determined 

from: t h e  wavelength of t h e  l i g h t ,  t h e  o f f  axis  d i s t a n c e  of 

the s i g n a l  (y'), t h e  m a x i m u m  frequency t o  be processed and 

the  maximum allowable phase d i s t o r t i o n .  

3.5 The  S iqna l  Carrier Surface 
as a Sphere 

i 

I f  the s i g n a l  carrier su r face  is  a sphere of r ad ius  Ro, 

tangent  t o  the  o r i g i n . o f  the object p l ane ,  t h e  geometry can 

be represented as shown i n  Figures  3.4 and 3.14 through 3.16. 

The x '  a x i s  corresponds t o  the  i n t e r s e c t i o n  of a plane p a r a l l e l  

t o  t h e  xz-plane with the  sphere.  Although t h e  angle  l ies  

n e i t h e r  i n  the  xz- nor the  yz-plane, a p p l i c a t i o n  of t he  l a w  

of cosines  t o  the angles  y and A of Figure 3.15 and 3.16 

y i e l d s  

cos g 5 cos y cos A ,  (3.94) 

o r  

cos g = cos (XI) cos (2). 
R RO 

By inspec t ion  of Figure 3.16 

(3.95) 

(3.96) 



Figure 3.14 Spherical signal car r ie r  surface 
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Figure 3.15 P ro jec t ion  of s p h e r i c a l  su r f ace  i n t o  
xz-plane 

Figure 3.16 Pro jec t ion  of s p h e r i c a l  sur face  onto 
y z  -p lane 
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so that 

cos p = cos [ ] cos (C). 
Rocos (x) RO RO 

Inspection of Figure 3.15 shows 

z '  = Ro - R cos (e), R 

Ar = z '  + x1 sin a , 

x1 = x0 - z '  tan a ,  

cos a 

and 

xo = R sin (-). X' 
R 

(3-97) 

(3.98) 

(3.99) 

(3 100) 

(3.101) 

Thus, 

z '  (x' ) = R, [ 1- cos (g) cos ($1 3 (3.102) 

and 

Ar(x') = [R sin(+ sin a + z'(x')cos a]. (3.103) 
R 

Introduction of the approximations of E q s .  (3.16) and 

(3-17) into E q .  (3.103) and subtraction of the result from 

E q .  (3.102) yields 

(3.104) 
I 2  - {  R F  sin ( X I )  - R~[ 1-cos (C) cos I%} R RO R 2f - 

Wit& the assumptions x' C R and y' < Ro, the approximations 

I2 
cos(x') = (1 - +), 

R 2R 
(3.105) 
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x i  - x '  
R R 

sin(-) - - , 

(3.106) 

(3.107) 

and 

s i n ( c )  = I (3.108) 
RO 

can be made. Applicat ion of t hese  t o  E q s .  (3.95), (3,96) and 

(3.104) y i e l d s ,  r e s p e c t i v e l y ,  

X ' 2  (3.109) 

R = R o ( l  - (3.110) 

and 

when h igher  order  t e r m s  a r e  neglected.  S u b s t i t u t i o n  of 

E q s .  (3.109) and (3.111) i n t o  E q .  (3.35) and comparison with 

E q .  (3.32) shows t h a t  t he  s p h e r i c a l  geometry introduces t h e  

following d i s t o r t i o n s  i n t o  the frequency p lane  image: (1) an 

amplitude a t t e n u a t i o n  given by cos B, and ( 2 )  a frequency- 

dependent phase d i s t o r t i o n  given by 

' 2  
2R 

The expressions f o r  t he  amplitude and phase d i s t o r t i o n  

can be f u r t h e r  s i m p l i f i e d  by use of Eq .  (3.110). S u b s t i t u t i o n  
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of t h i s  expression i n t o  E q s .  (3,109) and (3.111) y i e l d s  

x '2  + y ' 2  
2R02  

cos ja = [l - ( (3.112) 

a f t e r  expansion and neglec t ion  of h igher  order t e r m s .  I n  

these express ions ,  the only v a r i a b l e s  descr ib ing  the geometry 

of the s i g n a l  carrier su r face  a r e  x ' ,  y ' ,  and Ro. A s  i n  the 

previous d e r i v a t i o n s ,  l i m i t s  can now be set  on the geometry 

i n  t e r m s  of the allowable d i s t o r t i o n s .  The phase d i s t o r t i o n  

( 2 )  i s  now given by the f a c t o r  

rru2(x'2 + Y 
2hf2Ro 

I f  th i s  d i s t o r t i o n  is requi red  t o  be less than  p r ad ians ,  

> lTuqx12 + y ' 2 )  
P ,  

2Xf2R0 
(3.114) 

In t roduct ion  of the s p a t i a l  frequency fx  and the a p e r t u r e  a ,  

allows Eq.  (3.114) t o  be w r i t t e n  as 

(3.115) 

A s  i n  the previous d e r i v a t i o n s ,  the minimum radius  of the 

sphere can be determined f r o m  the wavelength of the l i g h t  em- 

ployed, the maximum s p a t i a l  frequency being processed, the off 

a x i s  d i s t a n c e  of the s i g n a l  being processed, the ape r tu re  of 

the processor ,  and the maximum al lowable phase e r r o r .  
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4. NONLINEARITIES I N  OPTICAL DATA 

4 .1  In t roduct ion  

PROCESSORS 

When a v a i l a b l e  s i g n a l s  are transformed i n t o  the forms 

requi red  by o p t i c a l  data processors ,  n o n l i n e a r i t i e s  are 

usua l ly  encountered, Nonlinear t r a n s f e r  characteristics 

occur i n  photographic processes  as w e l l  as i n  e l e c t r o - o p t i c  

q igna l  conversion devices such as:  pho toce l l s ,  photomulti- 

p l i e r s  , photodiodes I cathode ray tubes ,  kinescopes and 

re ta rda t ion- type  modulators based on the K e r r  and Pockels 

effects.  The n o n l i n e a r i t i e s  i n  these  s i g n a l  conversion 

devices  and methods can be described by so-cal led zero- 

memory c h a r a c t e r i s t i c s .  That i s ,  w i th in  reasonable s i g n a l  

bandwidths, the nonl inear  d i s t o r t i o n s  can be considered as 

frequency independent and can be descr ibed by instantaneous 

( i - e - ,  zero-memory) nonl inear  input-output r e l a t i o n s  called 

characterist ic func t ions .  The a p p l i c a t i o n  of zero-memary 

nonl inear  models t o  photographic processes  was descr ibed i n  

the l i t e r a t u r e  review. I n  communication theory,  these models 

have been used t o  r ep resen t  the opera t ion  of devices  such as :  

biased diode modulators, square-law d e t e c t o r s ,  s a t u r a b l e  

a m p l i f i e r s  , and h a l f  -wave rectifiers (Middleton, 1960) 

The two approaches descr ibed i n  the l i t e r a t u r e  review 

have been used for  the a n a l y s i s  of zero-memory nonl inear  

characteristics The transform methods allow the assumption 

of f a i r l y  gene ra l  types of s i g n a l s  b u t  can be t r a c t a b l y  
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appl ied  only t o  characteristics having rather simple func- 

t i o n a l  forms. Many c h a r a c t e r i s t i c s  encountered i n  the use 

of o p t i c a l  d a t a  processors  do n o t  have such simple forms, 

and these methods are thus inappropr ia te  for  gene ra l  analy- 

sis purposes. The s i n u s o i d a l  s i g n a l  approaches a l l o w  the 

a n a l y s i s  of a w i d e  class of c h a r a c t e r i s t i c s ,  The papers 

summarized i n  the review have e s t a b l i s h e d  the use fu l lnes s  

of th i s  type of a n a l y s i s  i n  o p t i c a l  d a t a  processing app l i -  

c a t i o n s ,  b u t  the accuracy of the r e s u l t s  obtained has been 

l imi ted .  

T h i s  chapter  and those fol lowing are concerned w i t h  the 

development and a p p l i c a t i o n  of accu ra t e  methods of analyzing 

zero-memory c h a r a c t e r i s t i c s  using the s i n u s o i d a l  s i g n a l  

approach. The methods of a n a l y s i s  which are developed a r e  

not  l imi t ed  t o  o p t i c a l  d a t a  processing app l i ca t ions .  They 

can be used f o r  i n v e s t i g a t i o n s  i n  o t h e r  a reas  where compon- 

e n t s  having nonl inear  characteristics are encountered. 

I n  th i s  chapter ,  t h e  effects of zero-memory n o n l i n e a r i t i e s  

on s i n u s o i d a l  s i g n a l s  are described i n  a genera l  manner. The 

n o n l i n e a r i t i e s  are shown t o  create harmonic d i s t o r t i o n s  of the 

s i g n a l s ;  and an equiva len t  noise- to-s ignal  r a t i o ,  w h i c h  

describes the s e v e r i t y  of the d i s t o r t i o n s  as a s i n g l e  quan- 

t i t y ,  is  introduced. 

I n  Chapter 5,  the effects of n o n l i n e a r i t i e s  on the 

opera t ion  of a t y p i c a l  o p t i c a l  d a t a  processor  a r e  descr ibed.  

S p e c i f i c  examples demonstrate the r e s u l t i n g  degraded 
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i .. , 

performance. 

and determining the harmonic c o e f f i c i e n t s  of d i s t o r t e d  s i g -  

na l s  are developed i n  Chapter 6. Taylor, Four i e r ,  Legendre, 

and Tchebyscheff expansions are shown t o  be s u i t a b l e  f o r  

th i s  purpose. The  Tchebyscheff method is seen t o  have con- 

siderable advantages i n  s i m p l i c i t y  of app l i ca t ion .  Chapters 

7 and 8 d e a l  w i t h  the a p p l i c a t i o n  of the Tchebyscheff method 

t o  a c t u a l  nonl inear  problems. 

ing Tchebyscheff c o e f f i c i e n t s  is  developed and subsequently 

Methods of analyzing nonl inear  characteristics 

A numerical method for  obtain-  

implemented i n  a For t r an  program. 

4.2 E f f e c t s  of Non l inea r i t i e s  on S inusoida l  S iqna ls  

The  amplitude behavior of a (zero-memory) device having 

a nonl inear  func t iona l  r e l a t i o n  between i t s  inpu t  and output  

va r i ab le s  may be represented i n  t e r m s  of a c h a r a c t e r i s t i c  

curve such as tha t  shown i n  Fig. 4.1. The curve relates the 

output  v a r i a b l e  y t o  the input  v a r i a b l e  x and is  a graph of 

the t r a n s f e r  func t ion  

y = f ( x ) .  (4.1) 

I f  the inpu t  v a r i a b l e  c o n s i s t s  of a s i g n a l  varying about 

some value xo, called the ope ra t ing  p o i n t  of the device ,  

then 

S l ( t )  = x - xo I 

w h e r e  S l ( t )  r ep resen t s  the inpu t  s i g n a l  w h i c h  is  a func t ion  

of some other v a r i a b l e  t. I n  genera l ,  the opera t ing  p o i n t  

of the device may be chosen anywhere on the characteristic. 
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Y 

4 y = f ( x )  

X 

t 

Figure  4 .1  E f f e c t s  of a nonl inear  c h a r a c t e r i s t i c  on 
a s inuso id  
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The f o r m  of the output  s i g n a l  thus  depends on the l o c a t i o n  

of the ope ra t ing  p o i n t  as w e l l  as the  inpu t  s i g n a l .  

ou tput  can then be represented  by 

The 

S 2 [ S l ( t )  ‘XO1 = Y - Yo I (4.3) 

where S2 r ep resen t s  the output  s i g n a l ,  and yo corresponds t o  

the output  of the device a t  the opera t ing  po in t .  Subs t i t u -  

t i o n  of E q s .  (4.1) and (4.2) i n t o  the  r igh t  hand side of 

Eq. (4.3) y i e l d s  

S 2 [ S l ( t ) / X 0 I  = f C S l ( t 1  + xOl - Yo (4.4) 

I f  S l ( t )  is  an  a r b i t r a r y  s i n u s o i d a l  s i g n a l  given by 

where A is the amplitude of the s i g n a l ,  w i s  i t s  rad ian  

frequency, and 8 is i t s  phase a t  t = 0,  Eq.  (4.4) may be 

w r i t t e n  

S2( t ,A ,xo)  = f [ A  c o s ( w t  + 8) + Xo] - yo (4.6) 

where the dependence of S2 on w and 8 i s  understood. 

func t iona l  form of S2 then depends on both the opera t ing  

p o i n t  and the amplitude of the s i n u s o i d a l  input .  

(4.6) shows tha t  

The 

Equation 

The func t ion  Sa, t hus ,  is p e r i o d i c  i n  t w i t h  fundamental 

rad ian  frequency w. I f  the func t ion  f is continuous,  S2 



can be expressed by a 

series can be w r i t t e n  

w h e r e  bn and 

phase of the 

convergent Four ie r  series i n  t. The 

as 

$n r ep resen t  r e s p e c t i v e l y  t h e  amplitude and 

nth harmonic . 
Addit ional  information about S2 may be obtained by 

l e t t i n g  

( w t  + $1 = e , (4.9) 

i n  Eq.  (4 .5) .  Equation (4.6) becomes 

(4.11) 

showing tha t  S2 is  an even func t ion  i n  e .  
expansion of S2(e,A,x0)  i n  e then conta ins  only t e r m s  of the 

type cos (1-8). Comparing th i s  t o  Eq. (4.8) shows 

The Four ie r  series 

(4.12) 

(4.13) 

Thus, the phase s h i f t s  of the var ious  harmonics of Eq.  

do no t  depend on A, xo, o r  t h e  func t iona l  form of f ( x ) .  

(4.8) 

The 

series can then be w r i t t e n  as 

(4.14) 
n= 1 
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The e f f e c t s  of the  n o n l i n e a r i t y  of f (x) on the inpu t  s inusoid  

are apparent  i n  this  expression.  

corresponds t o  the inpu t  S1. 

s h i f t  i n  this  s i g n a l .  

bias and the var ious terms bn cos[n(wt + pi)] correspond t o  

harmonic d i s t o r t i o n s  of S1. 

subharmonics of the inpu t  s inusoid .  This e f f e c t  occurs only 

when the inpu t  c o n s i s t s  of m o r e  than one frequency. 

The term b l  c o s ( w t  + pi) 

The device introduces no phase 

The term b0/2 corresponds t o  a d c  

The  n o n l i n e a r i t y  produces no 

Equation (4.14) i n d i c a t e s  the dependence of the harmonic 

c o e f f i c i e n t s  on the ope ra t ing  p o i n t  of the nonl inear  device 

xo, and the amplitude of the s i n u s o i d a l  s i g n a l  A. 

a device is used i n  a sysketn where l i n e a r i t y  is d e s i r e d ,  

knowledge of the dependence of these c o e f f i c i e n t s  on xo and 

A would s h o w  q u a n t i t a t i v e l y  the nonl inear  e f f e c t s  and r evea l  

optimum inpu t  condi t ions  f o r  their minimization, Subsequent 

s e c t i o n s  p r e s e n t  methods of ob ta in ing  these c o e f f i c i e n t s  

I f  such 

from c h a r a c t e r i s t i c  curves.  

4 .3  The Descr ip t ion  of Nonlinear 
E f f e c t s  by a Noise-to-Siqnal R a t i o  

I n  the previous s e c t i o n ,  a device having a nonl inear  

characteristic w a s  shown t o  create d i s t o r t i o n s  of an input  

s inusoid.  For a s i g n a l  given by 

S l ( t )  = 

the  output  of t h e  

S 2 W  = 

A cos(wt) , 

device w a s  descr ibed by 
0)  

b, + 1 b,cos(nwt), 
n= 1 

2 

(4.15) 

(4.16) 
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w h e r e  the b c o e f f i c i e n t s  depend on the  amplitude of the inpu t  

s inusoid  A and the ope ra t ing  p o i n t  of the device.  A complete 

d e s c r i p t i o n  of the nonl inear  e f f e c t s  c Q n s i s t s  of spec i fy ing  

these c o e f f i c i e n t s .  I n  many ins t ances ,  however, a complete 

d e s c r i p t i o n  of the ef feGts  is n o t  needed; and a s i n g l e  

q u a n t i t y  desc r ib ing  their s e v e r i t y  is s u f f i c i e n t .  

I n  e l e c t r o n i c  c i r c u i t  theory a q u a n t i t y  c a l l e d  the 

" t o t a l  harmonic d i s t o r t i o n "  is used f o r  desc r ib ing  the 

effects of n o n l i n e a r i t i e s  on s i n u s o i d a l  s i g n a l s  (Ryder, 1964). 

For a d i s t o r t e d  s inusoid  this  q u a n t i t y  is  given by the r a t i o  

of the r m s  value of the sum of the harmonics t o  that  of t he  

fundamental. I n  t e r m s  of Eq.  (4.16) , it becomes 
a3 

(4.17) 

The square of this  q u a n t i t y  given by 

(4.18) 

r ep resen t s  the r a t io  of the t o t a l  power c a r r i e d  by the har- 

monics t o  that  of the fundamental. If the harmonics are 

considered as an equiva len t  no ise  generated by the nonlin- 

e a r i t y ,  Eq.  (4.18) is  equiva len t  t o  the r e c i p r o c a l  of t h e  

w e  1 l-known s igna l-to-no ise power r a t  i o  of communication 

theory (Schwartz, 1959),. The term equ iva len t  no ise  is used 
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to describe the harmonics since the usual communication 

theory definition of noise assumes that it is independent of 

the signal. 

signal dependent and cannot strictly be called noise. 

signal-to-noise ratio is defined by 

The harmonics generated by nonlinearities are 

The 

PS 
'n 

SNR = - , (4.19) 

where Ps is the signal power and Pn is the noise power. 

Equation (4.18) thus represents an equivalent noise-to- 

signal ratio or 
co 

A 

(4.20) 

Two other quantities expressing nonljnear effects in terms 

of signal and equivalent noise power are defined as the 

" s igna 1-power fraction 'I 

PS 
Ps + Pn 

SPF = 

and the "noise-power fraction" 

Pn 
Ps + 'n 

NPF = 

In terms of the harmonic coefficients, these become 

2 
bl SPF = - , co 

(4.21) 

(4.22) 

(4.23) 



and 

n=2 
NPF = - . 0) 
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(4.24) 

n== 1 

All of these  descriptions of nonl inear  e f f e c t s  are equiva len t  

i n  t h a t  they are f u n c t i o p a l l y  r e l a t e d .  The knowledge of any 

one permits  t he  c a l c u l a t i o n  of the others without  a d d i t i o n a l  

information. 

I n  o p t i c a l  d a t a  process ing  systems, mu l t ip l e  noise  

sources  can exis t .  For example photographic processes ,  i n  

a d d i t i o n  t o  being nonl inear ,  conta in  f luckua t ions  i n  image 

s t r u c t u r e  known as g r a n u l a r i t y .  This e f f e c t  can be consid- 

e red  as the a d d i t i o n  of no ise  t o  t h e  image. I f  such a pro- 

cess is to  be f u l l y  eva lua ted ,  both e f f e c t s  must be consid- 

ered. For this  reason the  amenabi l i ty  of the above quan- 

t i t i e s  t o  include a d d i t i o n a l  qo i se  sources  w a s  i nves t iga t ed .  

Two sources  having equivqlen t  n a i s e  powers given by N1 and 

N2 w e r e  assumed. 

and NPFl w h i l e  N2 produces D2,  NSR2, SNR2, S P F 2 ,  and NPF2. 

The a d d i t i o n  of the t w o  sources  g ives  rise t o  the following 

The noise  N1 g ives  rise t o  D1, NSRl, SNR1, 

expressions for t h e  combined q u a n t i t i e s  

D = , / D i + D 2 ,  2 

NSR = N S R l  + NSR2 I 

(4.25) 

(4.26) 



73 

NPFl + NPF2 - 2(NPF1) (NPF2) 
1' - 3'(NPFl) (NPF2) " ' 

NPF = 

(4.27) 

(4.28) 

(4 .29)  

These equqtions show that  the q u a n t i t y  NSR is m o s t  easily 

ca l cu la t ed  when t w o  sources  are present .  

r u l e  i nd ica t ed  by Eq.  (4.26) can be extended t o  include 

mul t ip l e  sources .  

w a s  thus  chosen f o r  use i n  subsequent w o r k .  

The s i m p l e  a d d i t i o n  

The NSR d e s c r i p t i o n  of nonl inear  e f f e c t s  
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5. NONLINEARITIES I N  OPTICAL CORRELATION 
PROCESSORS 

5 .1  In t roduct ion  

I n  t h i s  chapter ,  the e f f e c t s  of n o n l i n e a r i t i e s  on the 

ope ra t ion  of a t y p i c a l  o p t i c a l  c o r r e l a t o r  are descr ibed.  

c o r r e l a t o r  i s  assumed t o  ope ra t e  as p a r t  of a l a r g e r  elec- 

t r o n i c  system for  the recept ion  of pulse-frequency-modulation 

te lemetry.  The recept ion  system (Rochelle, 1963) is  used i n  

The 

s a t e l l i t e  and space probe communications. Op t i ca l  recording 

processes  a r e  assumed t o  transform the electrical  s i g n a l s  

i n t o  photographic t ransparenc ies  which form the i n p u t  t o  the 

c o r r e l a t o r .  These processes  can conta in  n o n l i n e a r i t i e s  w h i c h  

degrade the c o r r e l a t o r  opera t ion .  A d e s c r i p t i o n  of the recep- 

t i o n  system and an i d e a l i z e d  model of i t s  ope ra t ion  w i t h  

l i n e a r  recording processes  are f i rs t  presented.  Non l inea r i t i e s  

i n  the o p t i c a l  recording are then introduced and t h e  r e s u l t i n g  

e f f e c t s  on t h e  c o r r e l a t i o n  processing descr ibed.  F i n a l l y ,  

three numerical examples a r e  presented.  I n  these ,  t y p i c a l  

o p t i c a l  recording c h a r a c t e r i s t i c s  a r e  used t o  demonstrate 

q u a n t i t a t i v e  e f f e c t s  on the c o r r e l a t o r  opera t ion .  

5.2 Mathematical Model of the Operation 
of the Cor re l a to r  and Reception System 

The recept ion  system rece ives  a sequence of frequency 

modulated RE' pulses .  The pu l se s  are of time-length T and 

begin a t  i n t e r v a l s  of 2T. During each pu l se  a s i n g l e  RF 

frequency is  t ransmi t ted .  This frequency corresponds t o  
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one of a se t  of N p o s s i b l e  s i g n a l s .  The d e t e c t i o n  process  

c o n s i s t s  of determining which of these s i g n a l s  is p r e s e n t  i n  

each pulse .  Previous t o  the c o r r e l a t i o n  processing,  the FU? 

pu l se  are demodulated t o  f o r m  a sequence of low-frequency, 

t ime-limited s inusoids .  The s inusoids  corresponding t o  the 

var ious s i g n a l s  are harmonically related. A m e m b e r  of t h e  

demodulated s i g n a l  se t  can thus  be represented  during the 

occurrence of a pu l se  by 

f p ( t )  = A cos(pwot) , (5.1) 

where p is an i n t e g e r  (1 5 p 5 N )  i n d i c a t i n g  which s i g n a l  i s  

p resen t ,  A is  the s i g n a l  amplitude,  wo is  the fundamental 

rad ian  frequency of the s i g n a l  s e t ,  and t i s  t i m e .  The 

pu l se  length  T is  an i n t e g e r  number of per iods  of the funda- 

mental rad ian  frequency wo. Under t h i s  condi t ion ,  the 

var ious demodulated s i g n a l s  f o r m  an or thogonal  set  over t h e  

pu l se  i n t e r v a l .  

The o p t i c a l  correlator acts as a channelized, matched 

f i l t e r  f o r  the d e t e c t i o n  of the  demodulated s i g n a l s .  The 

reference  t ransparency thus  conta ins  N channels,  each having 

a r e p l i c a  of one of the s inusoids  of the demodulated set. 

The incoming s i g n a l s  are continuously recorded on the s i g n a l  

transparency and c o r r e l a t e d  o p t i c a l l y  w i t h  the channels of 

reference.  

I n  t h e  o p t i c a l  recording processes ,  a time-to-space 

t ransformation 
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d = vot  , (5.2) 

is made where d i s  a s p a t i a l  v a r i a b l e  and vo is  the record- 

ing  ve loc i ty .  The s p a t i a l  l ength  of a recorded s i g n a l  i s  

thus 

L = voT . 
A s  a func t ion  of d ,  

fp (d )  = A 

I n  o rde r  t o  c l a r i f y  

normalized t o  one. 

is then 

fp (d )  = A 

(5.3) 

a m e m b e r  of the s i g n a l  se t  becomes 

WO 

VO 
COS (p  - d )  . (5.4) 

WO 

vO 
the equat ions ,  the q u a n t i t y  (-) is 

The s p a t i a l  r ep resen ta t ion  of a s i g n a l  

during the occurrence of a pulse .  These func t ions  are 

o p t i c a l l y  recorded. The amplitude t ransmi t tance  of the 

r e s u l t a n t  s i g n a l  transparency is descr ibed by Sp(x) where p 

i d e n t i f i e s  the s i g n a l  p re sen t  and x r ep resen t s  a s p a t i a l  

v a r i a b l e  ( i n  t h e  d i r e c t i o n  of processing)  on the transparency. 

S imi l a r ly ,  the t ransmi t tance  of a channel of the re ference  

transparency is  given by Rq(y) where q (1 5 q 

the channel and y is  the appropr ia te  s p a t i a l  va r i ab le .  

N )  denotes 

The ou tput  of channel q of the c o r r e l a t o r  w i t h  s i g n a l  

p p r e s e n t  is  descr ibed by 
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where L i s  the ape r tu re  length  of the c o r r e l a t o r  ( s p a t i a l  

equiva len t  of the pu l se  length)  and S (y + z )  is the image 

of the recorded s i g n a l  a t  t h e  re ference  t ransparency plane 

( a f t e r  displacement by the c o r r e l a t i o n  v a r i a b l e  2). The 

q u a n t i t y  C i s  the c ross -co r re l a t ion  i n t e g r a l .  Since L i s  

an i n t e g e r  number of pe r iods  of t he  fundamental spat ia l  

frequency of the s i g n a l  set ,  the var ious  und i s to r t ed  s i g n a l s  

a r e  orthogonal over t h e  ape r tu re .  

P 

Y 

gP 

I n  t h e  remainder of t h i s  s e c t i o n ,  the e f f e c t s  of the 

pulse  na ture  of the s i g n a l s  on the c o r r e l a t i o n  i n t e g r a l s  

are neglected.  The t i m e  l i m i t a t i o n  of the s i g n a l s  imparts 

a t r i a n g u l a r  envelope of length  2L t o  the p e r i o d i c  co r re l a -  

t i o n  func t ions  described here. This s i m p l i f i c a t i o n  allows 

the nonl inear  effects  t o  be observed without  undue complication. 

I f  the o p t i c a l  recording processes  are l i n e a r ,  the arnpli- 

t u d e  t ransmi t tance  of the s i g n a l  t ransparency is descr ibed by 

Sp(x) = a, + a l  cos(px)  , (5.7) 

where p denotes the s i g n a l  p r e s e n t ,  and a, and al are d e t e r -  

mined from the recording process  used. S imi l a r ly ,  the t r ans -  

mit tance of channel q of the reference  t ransparency is 

where bo and b l  a r e  determined by i ts  recording process .  

When used i n  Eq .  (5.6) , the b i a s  terms i n  these equat ions 

can be neglected s i n c e  the correlator is assumed t o  conta in  
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a "dc s t o p o  I t  S u b s t i t u t i n g  the r e s u l t a n t  expressions i n t o  

Eq.  (5-6) gives  

Evaluation y i e l d s  

(5.10) 

An output  thus appears i n  the channel of the c o r r e l a t o r  which 

corresponds t o  the input  s i g n a l ,  and ind ica t ions  i n  the 

o the r s  a r e  zero.  T h i s  corresponds t o  normal opera t ion  of the 

sys  t e m .  

When the o p t i c a l  recording processes  a r e  nonl inear ,  the 

s i g n a l  and re ference  t ransparenc ies  conta in  harmonic d i s t o r -  

t i o n s  a s  descr ibed i n  Chapter 4. The r e s u l t i n g  amplitude 

t ransmi t tance  of the s i g n a l  transparency w i t h  s i g n a l  p pres-  

e n t  can be expressed by the series 

m= 1 

(5.11) 

w h e r e  the s c o e f f i c i e n t s  r e s u l t  from the nonl inear  charac te r -  

i s t i c  of the s i g n a l  recording process .  In  a l ike  manner the 

t ransmi t tance  of channel q of the reference  transparency is 

given by 
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(5.12) 
n= 1 

where r c o e f f i c i e n t s  r e s u l t  from the characteristic of the 

re ference  recording process .  The harmonic d i s t o r t i o n s  can 

be expressed as equ iva len t  noise- to-s ignal  ra t ios  given by 
W 

and 

m= 2 NSR, = 
s: 

I (5.13) 

(5.14) 

where the s u b s c r i p t s  S and r denote ,  r e s p e c t i v e l y ,  the s i g n a l  

and re ference  t ransparenc ies .  The c o r r e l a t o r  can thus be 

considered t o  conta in  t w o  i n t e r n a l  equiva len t  no i se  sources.  

The e f f e c t s  of the n o n l i n e a r i t i e s  on the  opera t ion  of 

the c o r r e l a t o r  are obtained by s u b s t i t u t i o n  of E q s .  (5.11) and 

(5.12)  i n t o  Eq.  (5 .6) .  T h i s ’  y i e l d s  

(5.15) 
n= 1 

when the dc terms are omitted.  This expression can be re- 

w r i t t e n  as 
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m= 1 n= 1 -L/2 

Due t o  the or thogonal i ty  p r o p e r t i e s  of the cos ine  func t ions ,  

and E q .  (5.16) can be w r i t t e n  

m= 1 

is one f o r  mp = w h e r e  bmp, nq 

(5.17) 

(5.18) cos(mpz) bmp,nq 

nq and ze ro  otherwise.  The 

output  of the c o r r e l a t o r  i s  thus non ze ro  i n  t h w e  channels 

having a common frequency wi th  the s i g n a l  transparency. 

Outputs e x i s t  i n  channels corresponding t o  i n c o r r e c t  de- 

t e c t i o n  of the s i g n a l .  The output  of the c o r r e c t  or s i g n a l  

channel is 

Two other s p e c i f i c  cases a r e  

(5.19) 

(5.20) 
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and 

CC,(z)l - E =  f .f ~~r~~ cos(mpz) I (5 ., 21)  
9-2 m= 1 

which i n d i c a t e  the output  of the channels corresponding t o  

t w i c e  and h a l f  the frequency of the s i g n a l  channel. S i m i l a r  

expressions can be obtained f o r  o the r  channels. 

The equiva len t  ou tput  powers (mean squared amplitudes) 

of var ious  channels of the c o r r e l a t o r  s e rve  a s  convenient 

measures of the s e v e r i t y  of the  nonl inear  effects.  Expres- 

s ions  f o r  these can be obtained d i r e c t l y  f r o m  Eq .  (5.18) a s  

m 

(5.22) 

where P i n d i c a t e s  the equiva len t  output  power of channel q 
gP 

with s i g n a l  p presen t .  This q u a n t i t y  can be normalized 

with respect to  the equiva len t  power i n  the s i g n a l  channel. 

The  r e s u l t i n g  expression 

(5.23) 

m= 1 

i n d i c a t e s  an "error-power ra t io"  e x i s t i n g  between the outputs  

of channel q and the s i g n a l  channel. For t h e  s i g n a l  channel,  

the q u a n t i t y  becomes uni ty .  The d e f i n i t i o n  of the EPR is  

s i m i l a r  t o  that  of the noise- to-s ignal  r a t io  introduced 
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, 

previously.  It r ep resen t s  the r a t io  of the power of an equiv- 

a l e n t  no ise  source (unwanted output )  t o  t h a t  of the des i r ed  

s i g n a l .  

5.3 Examples 

A v a r i e t y  of optical  recording processes  can be employed 

t o  produce t ransparenc ies  f o r  use i n  o p t i c a l  c o r r e l a t o r s .  

T h e  form and e x t e n t  of the n o n l i n e a r i t i e s  involved i n  these 

processes  can vary considerably.  Three examples which 

r ep resen t  t y p i c a l l y  occuring n o n l i n e a r i t i e s  a r e  considered. 

I n  each example i t  i s  assumed t h a t  a s i n g l e  characterist ic 

desc r ibes  both the s i g n a l  and re ference  recording processes .  

The harmonic series of t he  t ransparences r e s u l t i n g  from each 

c h a r a c t e r i s t i c  are der ived  and the corresponding NSR's and 

EPR's ca lcu lq ted .  

The c h a r a c t e r i s t i c  f o r  the first example is  l i n e a r .  

That of the second follows a square l a w  and that  of the t h i r d  

an exponent ia l .  A l i n e a r  c h a r a c t e r i s t i c  can r e s u l t  from use 

of a smal l  ope ra t ing  region wi th in  a l a r g e r  nonl inear  char- 

a c t e r i s t i c  o r  from using p r e - d i s t o r t i o n  techniques t o  cance l  

nonl inear  e f f e c t s .  C h a r a c t e r i s t i c s  approaching square l a w  

and exponent ia l  curves can be obtained,  r e spec t ive ly ,  from 

p o s i t i v e  and negat ive photographic processes  used i n  con- 

junc t ion  w i t h  primary e l e c t r o - o p t i c  modulators such as 

cathode ray tubes.  

The c h a r a c t e r i s t i c s  for  the o p t i c a l  recording processes  

of the three examples a r e  shown i n  Figures  5 .1  through 5,3.  
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They desc r ibe  the v a r i a t i o n  of the amplitude t ransmi t tance  

of a r e s u l t i n g  transparency with inpu t  vol tage.  I n  the 

examples, the s i g n a l s  are assumed t o  be recorded w i t h  a bias 

l e v e l  of .5v and an amplitude of .3v. The s p a t i a l  represen- 

t a t i o n s  of the electrical inpu t s  and thus  given by 

vp(d) = .5 + . 3  cos(pd)  , (5.24) 

w h e r e  1 5 p 1. N. 

I n  the l i n e a r  case ,  the amplitude t ransmi t tance  of the 

s i g n a l  transparency with s i g n a l  p p resen t  becomes 

S P ( X )  = .5  + . 3  cos(px)  , (5.25) 

and the t ransmi t tance  of channel q of the re ference  is 

Rq(y) = .5 + - 3  cos(qy)  . (5.26) 

Since no d i s t o r t i o n s  are p r e s e n t ,  the corresponding noise-to- 

s i g n a l  r a t i o s  are zero.  W i t h  s i g n a l  p p r e s e n t  the c o r r e l a t o r  

output  i n  the s i g n a l  channel is  

fc (X)lp=,  = (.045) cos(pz)  . 
qP 

(5.27) 

Outputs of the other channels are zero,  and the corresponding 

error-power r a t i o s  vanish as shown i n  T a b l e  5.1. The co r re l a -  

t o r  thus  operates normally. 

I n  the square l a w  example , the amplitude t ransmi t tances  

of the t ransparenc ies  are descr ibed by 

sp(x)  = c.5 $. . 3  cos (px) l  2 I (5.28) 
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Table 5.1 Error-power ra t ios  corresponding to  three optical  
recording c h a r a c t e r i s t i c s  

Signal-reference : Charac ter i s  t i c  
channel r e l a t i o n  : 

d P  : Linear i Square l a w  i Exponential  

1 1.0 1.0 1.0 

1/2, 2 0 .2249 x 10-1 .2184 x 10-1 

1/3, 3 0 0 ,2045 10-3 

1/4, 4 0 0 .1690 x lom5 

2/3, 3/2 

3/4, 4/3 

0 

0 

0 .4471 x 

0 .3458 x 10’’ 

and 

(5.29) 2 Rq(y) = c.5 + .3 cos(qy)]  I 

or ,  a f t e r  expanding, 

Sp(x)  = (.295) + ( .3 )cos(px)  + (.045)cos(2px), (5.30) 

and 

Rq(y) = (.295)+ (.3)cos (qy)+ (.045)cos (2qy).  (5.31) 

The s i g n a l  transparency and re ference  channels thus  conta in  

second harmonic d i s t o r t i o n s ,  The corresponding noise-to- 

s i g n a l  r a t i o s  are 

I 
NSR, = .225 x 10-l , (5.32) 

and 
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NSR, = .225 x 10-1 . (5.33) 

i 

Because of the harmonics, unwanted outputs  occur i n  channels 

corresponding t o  t w i c e  and h a l f  t h e  frequency of the s i g n a l  

channel. The r e s u l t i n g  error-power ra t ios ,  ca l cu la t ed  from 

the harmonic c o e f f j c i e n t s  of E q s .  (5 .30) ,  (5.3$),  and (5.32) 

are shown i n  Table 5.1. 

I n  the exponent ia l  case ,  the form of t h e  recorded s i g n a l  

can be obtained from a Taylor series expansion of the dharac- 

ter is t ic  about the bias po in t .  Neglecting orders  h igher  than 

the f o u r t h ,  the amplitude t ransmi t tance  is given by 

Ta ( V )  = A [ 1-2 (v-. 5)+2 (v-. 5)' e 

- - 4 (v-.5) 3 2  + - (v-.5)4] . 3 3 (5.34) 

S u b s t i t u t i n g  Eq. (5.24) i n  this expression and expanding the  

r e s u l t i n g  powers of the cosine func t ion  i n t o  mul t ip l e  angles  

g ives  

Sp (x) = (.4017) - (. 2307) COS (PX)+ (. 0341) COS ( ~ P x )  

- {. 0 0 3 3 ) ~ 0 ~  (3  PX)+ (. 0003) COS (4px) , (5.35) 

for  the s i g n a l  transparency and a s i m i l a r  expression f o r  the 

re ference  channels % ( y ) .  The noise- to-s ignal  ra t ios  corre-  

sponding t o  these  expressions are 

NSR, = -2206 x 10-1 , 

and 

NSR, = .2206 x 10-1 . 

(5.36) 

(5.37) 
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Harmonics higher  than the f o u r t h  do not  appear i n  Eq. 

due t o  the  t runca t ion  of the Taylor s e r i e s .  The higher  order  

t e r m s  of this  series give r i s e  t o  a d d i t i o n a l  harmonics and 

small  cont r ibu t ions  t o  the  ones r e t a ined  above. These a r e  

neglected.  The four  harmonics of Eq. (5.35) give rise t o  

outputs  i n  the channels l i s t e d  i n  Table 5.1. The e r r o r -  

power r a t i o s  shown were ca l cu la t ed  from the c o e f f i c i e n t s  of 

Eq .  (5.35) and Eq. (5 .23) .  

(5.35) 

I n  t h i s  example, the  Taylor s e r i e s  expansion was employed 

t o  ob ta in  the harmonic c o e f f i c i e n t s  of the recorded s i g n a l s .  

Versions of t h i s  method have been used by s e v e r a l  authors  as  

described i n  the review of the l i t e r a t u r e .  Other s e r i e s  

expansion methods may be used, however. The Taylor method 

and a number of these a r e  descr ibed more thoroughly i n  the 

next chapter .  
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6. EXPANSION METHODS FOR DETERMINING 
HARMONIC COEFFICIENTS 

6.1 In t roduct ion  

I n  Chapter 4 ,  the output  of a s i n u s o i d a l l y  e x c i t e d ,  zero- 

memory nonl inear  device w a s  descr ibed by a harmonic series 

w i t h  a fundamental frequency equal  t o  tha t  of the  input .  The 

harmonic c o e f f i c i e n t s  of th is  series may be obtained by ex- 

panding the c h a r a c t e r i s t i c  func t ion  r ep resen t ing  the non- 

l i n e a r i t y .  The expansion i s  carried o u t  w i t h  a series of 

appropr ia te  func t ions  wi th in  the ope ra t ing  region spanned by 

the inpu t  s inusoid .  I n  this  chapter  the equat ions necessary 

f o r  using the Taylor , Four ie r  , Legendre I and Tchebyschef f 

expansions f o r  th i s  purpose a r e  developed. The equat ions for  
I 

each expansion method a r e  obtained w i t h  r e l a t i v e l y  f e w  re- 

s t r i c t i o n s  on the form of t h e  characteristic funct ion.  T h i s  

establishes their use i n  correspondingly wide classes of 

app l i ca t ion .  Following the  developments, a p p l i c a t i o n s  of the 

var ious expansion methods are discussed.  

Two vers ions  of the Four ie r  series method a r e  presented.  

I n  method A ,  a direct  expansion of the nonl inear  charac te r -  

i s t i c  is assumed. T h i s  method has disadvantages i f  the 

characteristio is  continuous wi th in  the ope ra t ing  region 

( [ a I b ] )  b u t  does no t  m e e t  the boundary condi t ion  

f (a) = f (b )  (6.1) 

The p e r i o d i c  ex tens ion  of the c h a r a c t e r i s t i c  contains  dis-  

c o n t i n u i t i e s  and the r e s u l t i n g  Four ie r  series is slowly 
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convergent (Lanczos, 1966). This problem can be avoided by 

assuming an even ex tens ion  of the c h a r a c t e r i s t i c  about either 

of the end p o i n t s  and computing the Four ie r  expansion of the 

r e s u l t i n g  funct ion.  Since the  p e r i o d i c  ex tens ion  of such a 

func t ion  is continuous,  i t s  Four ie r  series is more quick ly  

convergent. T h i s  procedure i s  employed i n  method B. When 

success ive ly  h igher  d e r i v a t i v e s  of the c h a r a c t e r i s t i c  are 

continuous wi th in  the opera t ing  region,  more r ap id ly  conver- 

gent  Four ie r  series expansions can be obtained and correspond- 

ing equat ions f o r  the output  harmonic c o e f f i c i e n t s  can be 

developed. Lanczos (1956) descr ibed and developed equat ions 

f o r  a method tha t  is r a p i d l y  convergent when the charac te r -  

i s t i c  and i t s  f i r s t  d e r i v a t i v e  are continuous. 

I n  the d e r i v a t i o n s  w h i c h  follow, the nonl inear  charac- 

t e r i s t i c  is termed f ( x )  and the opera t ing  region is  assumed 

t o  be [-1,1] w i t h  the inpu t  s inusoid  given by 

The ou tput  of the nonl ipear  device is then f (cos e )  w h i c h  

i s  an even func t ion  of 8 .  Its harmonic expansion i n  8 can 

thus be w r i t t e n  

Q) 

where 
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and the Neumann symbol ck is given by 

€o = 1, (6.5) 

e 1  = e 2  - .. *  = 2. (6.6) - 

This d e f i n i t i o n  of the e symbol i s  assumed throughout this  

chapter .  

I n  the d r i v a t i o n s ,  the o rde r  of i n t e g r a t i o n  and summation 

of i n f i n i t e  series of func t ions  are interchanged. U s e  of 

th i s  procedure is based on Arze la ' s  theorem as s ' ta ted by 

Apostol (1957). 

b Y  

where 

6.2 Taylor Series 

The  Taylor series expansion of f ( x )  about x = 0 i s  given 

(6.7) * f ( x )  = an xn , 
n=o 

If f ( x )  is  continuous and has  continuous bounked d e r i v a t i v e s  

of a l l  orders on an i n t e r v a l  conta in ing  [-1,1], then the 

series (6.7) converges on [ -1,1] (Apostol, 1957). Replacing 

x by COS e i n  Eq. (6.7) g ives  

03 

f ( C 0 s  e )  = 1 e l n  
n=o 

(6.9) 

w h i c h  may be s u b s t i t u t e d  i n t o  Eq. (6.4) f o r  the kth output  

harmonic c o e f f i c i e n t  y i e ld ing  



92 

(6.10) 

S ince  the series (6.9) is convergent f o r  a l l  0 5 8 5 n, the 

order  of i n t e g r a t i o n  and summation i n  (6.10) can be i n t e r -  

changed so that  

(6.11) 

The i n t e g r a l s  i n  this  expression can be eva lua ted  by using 

the expansions (Mangulis, 1965) 

m=o,2,. . . 
f o r  even n and 

(6.12) 

(6.13) 

f o r  odd n, where the l a r g e  parentheses  denote binomial coef- 

f i c i e n t s .  S u b s t i t u t i n g  these i n t o  (6.11) and aga in  i n t e r -  

changing o rde r s  of i n t e g r a t i o n  and summation g ives  

v m=o, 2 , .  . . 

for even n and 

(6.14) 
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0 

(6.15) 

f o r  odd n.. Evaluat ion of the i n t e g r a l s  i n  (6.14) and (6.15) 

y i e l d s  

Tr 0, n < k  5 (cos f3)ncos(k6)d6 = { n 
0 n(+)" , n 2 k (6.16) 

n 
(+)"-A (F) / (6.17) 

n=k,k+2,. . . 
w h i c h  is the desired equat ion r e l a t i n g  the Taylor expansion 

c o e f f i c i e n t s  an t o  the output  harmonic c o e f f i c i e n t s  blr;. 

Equation (6.17) can be w r i t t e n  as 

% =  f a n g d  i 

n=k,k+2 , . . . 
(6.18) 

where 

(*In-' (G) I (n-k) even and non .negat ive 

0,  otherwise (6.19) gnk - t  - 

The c o e f f i c i e n t s  gnk f o r  k 5 5 and n 1.10 are shown i n  Table 

6.1, 
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Table 6.1. Non-vanishing c o e f f i c i e n t s  gnk for  the 
Taylor series expansion method w i t h  
k 5 5 and n 5 10 

- s 
-1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0 -  1 2 '  3 :  4 5 

2.0000 

1.0000 

1.000 .5000 

-7500  .2500 

.7500 . S O 0 0  .1250 

.6250 .3125 .0625 

.6250 .4688 .1875 

.3281 .0882 .5469 

.5469 .4375 .2187 

.4922 .3281 .1266 

.4922 .4102 .2344 

6.3 Four ie r  Series - Method A 

The Eourier  series expansion of f (x)  on [-11 1) can be 

w r i t t e n  

where 

(6.20) 

(6.21) 
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dn = s1 f (x)  s in (nnx)  dx , 
-1 

(6.22) 

, 

and do vanishes as implied by gg.' (6 .22 ) .  

t inuous and square in tegradable  on [-1,1], the series (6.20) 

I f  f (x) is con- 

converges on [ -1,1] (Jackson, 1941).  Replacing x by cos 8 

i n  Eq.  (6.20) g ives  

03 

n=o 

which is convergent f o r  0 1. 8 5 n. 

(6.23) i n t o  Eq.(6.4) f o r  the kth output  harmonic c o e f f i c i e n t  

and interchanging the order  of i n t e g r a t i o n  and summation g ives  

S u b s t i t u t i n g  the series 

01 m 

0 n=o 

+ dn 5" s i n ( n n  cos e )  cos(k0) de] . 
0 

The i n t e g r a l s  i n  t h i s  expression can be evaluated using 

(Mangulis, 1965) 

and 

m-1 03 

sin(nrr cos e )  = 2 1 ( - 1 ) T  Jm(nn) c o s ( @ ) ,  
m = l ,  3 , .  . . 

(6.24) 

(6.25) 

(6.26) 
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where Jm is the mth o rder  B e s s e l  func t ion  of the first type. 

S u b s t i t u t i o n  of E q s .  (6.25) and (6.26) i n t o  the i n t e g r a l s  of 

Eq.  (6.24) and interchanging o rde r s  of i n t e g r a t i o n  and summa- 

t i o n  g ives  

I t  

m/2 Jm(nn)  cos(&)  cos(ke)  de 
0 m=O,2,, . . 

and 

IT s sin(nrr cos e )  cos(k6)  de = 
0 

(6.27) 

m = l ,  3 , .  . . 0 

which, upon eva lua t ion ,  y'ield 

IT 

0 0,  k odd, (6.29) 

k/2 Jk(nn)  I k even 
COS (nn cos 8 ) cos (ke) d9 = {" 

and 

S u b s t i t u t i o n  of these r e s u l t s  i n  Eq. (6.24) gives  

W 

(6.31) 

n=o 
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f o r  even k and 
co 

n=o 

f o r  odd k ,  as the r e s u l t i n g  expressions 

harmonic c o e f f i c i e n t s .  

Equations (6.31) and (6.32) can be 

f o r  even k and 

n=o 

f o r  odd k ,  where 

(6.32) 

f o r  the output  

r e w r i t t e n  as 

(6.33) 

(6.34) 

(6.35) 

Table 6.2 shows t h e  9nk f o r  k - c 5 and n 5 10. 

6.4 Four ie r  Series - Method B 

A Four ie r  series expression f o r  f ( x )  on [-1,1] may be 

obtained by de f in ing  a r e l a t e d  func t ion  g ( x )  on [ -2,2]. 

[ 0,2]  , g(x)  is the t r a n s l a t i o n  of f (x) given by 

On 

g ( x )  = f ( x  - 1). (6.36) 

On [ -2,  O] , g ( x )  is extended evenly.  Because of t h e  evenness 

proper ty ,  Four ie r  series expansion of g ( x )  on [ -2 ,2]  conta ins  

only cos ine  t e r m s .  This expression is then given by 
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Table 6.2 Coef f i c i en t s  gnk f o r  the  Fourier  s e r i e s  
expansion method A with 'k 5 aqd n 5 10 

> 
e 

0 

1 

2 

3 

4 

5 

6 

7 

E 

9 

1c 
- 

0 1 2 3 4 5 

1.0000 0.0 0.0 0.0 0.0 0.0 

- .6085 .5692 - .9707 - .6669 .3028 -1043 

.4406 - -4248 .5758 - .0582 .6314 .7456 

- .3624 -3535 - .4374 .1678 - .5443 - -2942 
.3150 - .3091 .3642 - .1931 .4564 .0974 

- .2824 .2781 - .3178 -1971 - .3931 - .0030 
.2581 - .2548 .2852 - .1943 .3470 - .0470 

- -2392 -2366 - .2607 .1892 - .3123 -0755 

.2239 - ,2218 .2416 - .1833 .2853 - .0925 
- .2112 .2094 - .2261 .1774 - .2637 .lo28 

.2005 - .1989 .2132 - .1718 .2460 - .lo92 

where 

2 
an = g ( x )  COS(-) nnx dx. 

2 0 

(6.37) 

(6.38) 

I f  f ( x )  is  continuous and square in t eg rab le  on [-1,1], t he  

s e r i e s  (6.37) converges on [ -1,ll (Jackson, 1941). The 

c o e f f i c i e n t s  an can be evaluated i n  terms of f ( x )  a s  
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an - - 1' f (x) C O S [ Y ( X  + 1.11 dx (6.39) 
-1 

Replacing x by (x + 1) i n  Eq.  (6.37) and using Eq. (6.36) 

g ives  

(6.40) 

o r  

W 

1 nn nnx nn nnx f ( x )  = z 1 snan  cos(^) c o s ( 7 )  - s i n ( 7 )  sin(-j-)]. (6.41) 
n=o 

S u b s t i t u t i n g  cos 8 f o r  x i n  t h i s  expression and using t h e  

r e s u l t i n g  series i n  the equat ion f o r  the kth output  Four ie r  

c o e f f i c i e n t  g ives  

Interchanging the o rde r  of i n t e g r a t i o n  and summation y i e l d s  

IT 

% = -rr 1 e n  an [cos(=) 5 c o s ( 3 0 s  e )  cos(ke) de 2 
n=o 0 

IT 
- sin(=)  s i n ( 5 o s  e )  cos(k$)  de] (6.43) 

0 
2 

The i n t e g r a l s  i n  t h i s  expression may be evaluated wi th  the 
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help of the expansions (6.25) and (6.26) where nrr is replaced 

by 9 . Using these as in the previous derivation gives 

Jk(y), k even 
fcos (-0s 0 ) cos (k6 )de = 

2 { 0 ,  k odd , (6.44) ’0 

and 

k odd, (6.45) 

Subststuting these results in (6.43) gives the equations for 

the output harmonic coefficients: 

n=o,2,. .. 
for even k and 

m 

f o r  odd k. 

These equations can be rewritten as 

03 

bk = 1 an gnkl 
n=0,2, ... 

for even k and 

(6.46) 

(6.47) 

(6.48) 

(6.49) 
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f o r  odd k where 

- n+k 

n+k-2 
En(-1) J'k(Y) ; n , k  both even 

gnk = z ( - l ) .  Jk(Y); n , k  both  odd 
- i 0; otherwise. (6.50) 

The non-vanishing gnk for  k 5 5 , n 5 10 are shown i n  Table 60 3. 

Table 6.3. Non-vanishing c o e f f i c i e n t s  gnk f o r  the 
Four ie r  series expansion method B w i t h  
k 5 5 and n 5 10 

0 1 2 3 4 5 

1.0000 

.1.1336 -. 1381 .0045 

.6085 .9709 -. 3028 
.5633 .8117 -.4460 

.4406 .5758 .6314 

.4225 .5758 .4343 

- 3624 .4374 * 5443 

.3522 .4540 .4774 

3150 .3642 .4564 

.3082 .3815 .4365 

.2824 .3178 .3931 
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6.5 Legendre Series 

The Legendre series expansion of f (x) on [ -1,1] (Kaplan, 

1952) is  given by 
m 

n=O 

where 

- 2n+1 1' an - - f ( x )  Pn(x) dx, 2 
-1 

(6.51) 

(6.52) 

and Pn is the Legendre polynomial of o rde r  n. 

condi t ion for  the convergence of (6.51) on [-1,1] i s  tha t  

f (x) is bounded, continuous,  and i n t e g r a b l e  on [ -1,1] (Sansone, 

1959). The Legendre polynomials are def ined  by 

A s u f f i c i e n t  

Po(x) = 1, (6.53) 

P1(x) = x ,  

and t h e  recurrence r e l a t i o n  

o r  by t h e  Rodregues formula 

[ (x2 - 1p-j .  Pn(x) = - - 1 dn 
2nn! dxn 

(6.54) 

(6.55) 

(6.56) 

Replacing x by cos 8 i n  Eq. (6.51) g ives  

m 

f (cos 6.1 = 1 an pn(cos e )  I (6.57) 
n= 0 

w h i c h  is  convergent for  0 5 e 5 TT. S u b s t i t u t i n g  th i s  expression 
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i n t o  the expression (6.4) fo r  the kth output  harmonic coef- 

f i c i e n t  g ives  

(6.58) 
n=6 0 

a f te r  interchanging the o rde r  of i n t e g r a t i o n  and summation. 

The i n t e g r a l s  i n  (6.58) can be eva lua ted  by using the expan- 

s ions  (Mangulis, 1965) 

f o r  even n and 

Pn (cos 0 )  
1 (n-m+l (n+m+l 

2 2 
n-m n+m 

q I? 

rn=1,3,. . . (2): (2): 
cos (me 1 I 

(6.59) 

(6.60) 

for odd n,  w h e r e  I' r ep resen t s  the gamma funct ion .  S u b s t i t u t -  

ing these expansions i n t o  the i n t e g r a l s  of (6.58) and again 

interchanging t h e  order  of i n t e g r a t i o n  and summation g ives  

f o r  even n and 
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r P n ( c o s  8 ) cos (ke) de = 
0 

f o r  odd n. Evaluat ion of the i n t e g r a l s  i n  these  expressions 

g ives  

f o r  a l l  n. S u b s t i t u t i o n  of t h i s  r e s u l t  i n  (6.58) g ives  

m (n-k+l 2 rP+Y1 1 
n-k n+k (,I1 (,I! an 

n=k,k+2,. . . 

(6.63) 

(6.64) 

which is t h e  d e s i r e d  express ion ,  r e l a t i n g  the harmonic coef- 

f i c i e n t s  $ t o  t h e  Legendre c o e f f i c i e n t s  an. 

Equation (6.64) can be w r i t t e n  as 

(6.65) 

n=k,k+2,. , 

where 
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( n - y l )  1. (n-k) even and 
(n+k+l 

I non ,negat ive 3 2 2 
7T n-k n+k 

(-+! (7):. 

0, otherwise (6.66) 

- 
gnk - 

Table 6.4 shows the non-vanishing g,k f o r  k 5 5 and n 5 10. 

Table 6.4. Non-vanishing c o e f f i c i e n t s  gnk f o r  t he  
Legendre series expansion method w i t h  
k 5 and n 2 10- 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

- 

0 1 2 3 4 5 

2.0000 

1.0000 

.'5000 

.3750 

.2812 

2344 

.1953 

.1709 

.1495 

.1346 

.1211 

.7500 

.6250 

.3125 .5469 

.2734 .4922 

. 2-05.1 .2461 

.1846 .2256 

.1538 .1692 

.1410 .1571 

.1234 .1309 



106 

6.6 Tchebyscheff Series 

The Tchebyscheff expansion of f (x) on [-1,1] is  given 

by (Snyder, 1966) 

n=o 

where 

(6.67) 

(6.68) 

and Tn r ep resen t s  t h e  Tchebyscheff polynomial of o rde r  n. A 

s u f f i c i e n t  condi t ion  f o r  convergence of the series (6.67) is 

t h a t  f ( x )  is  bounded, continuous,  and square i n t e r g r a b l e  on 

[ -1,1] (Courant, 1953). The Tchebyscheff polynomials can be 

def ined  by 

To(x)  = 1 I (6.69) 

T1(x) = x , (6.70) 

and t h e  recurrence r e l a t i o n  

(6.71) 

o r  by t h e  "Rodrigues" formula 

They can be a l t e r n a t e l y  expressed as 

T,(x) = cos (n cos-1x1 , (6.73) 
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so tha t  when x is replaced by cos 8 

Tn(COS e )  = cos(n0) 

Making this  change of v a r i a b l e  i n  ( ~ . 6 7 )  and 

and 

(6.74) 

5.68) g ives  

(6.75) 

(6.76) 

These equat ions are recognized as those of the harmonic 

expansion of the output  of the nonl inear  device.  The 

Tchebyscheff polynomials which form the expansion of f (x) 

thus correspond t o  the harmonics of the output  s i g n a l .  The 

harmonic coefficients % a r e  given simply by 

% = a k .  (6.77) 

Because of t h i s  unique proper ty ,  the harmonic c o e f f i c i e n t s  of  

the output  can be obtained d i r e c t l y  from the Tchebyscheff 

expansion. 

c o e f f i c i e n t s  e x i s t s ,  however, only when the change of v a r i a b l e  

x t o  cos 8 is  m a d e .  When the expansion i s  t o  be app l i ed  t o  an 

i n t e r v a l  o t h e r  than  [ -1,1], an appropr i a t e  normalizat ion is 

required.  

The equivalence of t h e  Tchebyscheff and harmonic 

6.7 Applicat ions of t h e  Expansion Methods 

I n  the preceding s e c t i o n s ,  equat ions f o r  t h e  output  

harmonic c o e f f i c i e n t s  of a s i n u s o i d a l l y  e x c i t e d ,  zero-memory, 
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nonlinear  device w e r e  developed i n  t e r m s  of Taylor,  Four ie r ,  

Legendre, and Tchebyscheff expansion c o e f f i c i e n t s  of the 

characteristic func t ion .  Each of these expansion methods can 

be used when the characteristic m e e t s  the s t a t e d  condi t ions  

which insu re  the convergence of the corresponding series. 

The  Taylor series method has  been app l i ed ,  as descr ibed 

i n  the l i t e r a t u r e  review, t o  characteristics given both 

a n a l y t i c a l l y  and empir ica l ly .  When a c h a r a c t e r i s t i c  is  given 

a n a l y t i c a l l y ,  ~ the d e r i v a t i v e  opera t ions  corresponding t o  Eq.  

(6 .7 )  a r e  usua l ly  s impler  t o  perform than computation of the 

d e f i n i t e  i n t e g r a l s  requi red  by the o t h e r  methods. Many 

a n a l y t i c  func t ions  can be w e l l  approximated over l i m i t e d  

regions w i t h  a s m a l l  number of t e r m s  of a Taylor series; and 

i n  such a p p l i c a t i o n s ,  th is  method can be e f f e c t i v e l y  employed. 

Many c h a r a c t e r i s t i c s ,  however, may no t  m e e t  the con t inu i ty  

condi t ions  s t a t e d  i n  s e c t i o n  2, and direct computation of the 

Taylor expansion cannot be accomplished. 

given i n  the form of a graph or  a table of f u n c t i o n a l  values  

a lso p resen t s  problems. 

are s u s c e p t i b l e  t o  noise  effects and i n  many ins t ances ,  can 

be used t o  o b t a i n ,  a t  m o s t ,  s e v e r a l  d e r i v a t i v e s  (Hildebrand, 

1956)- I n  a p p l i c a t i o n s  w h e r e  the Taylor series c o e f f i c i e n t s  

cannot be obtained d i r e c t l y ,  cu rve - f i t t i ng  procedures such as 

the method of leas t - squares  can be used t o  o b t a i n  polynomial 

approximations t o  c h a r a c t e r i s t i c s .  The c o e f f i c i e n t s  of the 

f i t t e d  polynomials become approximations t o  the Taylor series 

A c h a r a c t e r i s t i c  

Numerical d i f f e r e n t i a t i o n  procedures 
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I 

c o e f f i c i e n t s .  A vers ion  of t h i s  method w a s  used by Wilczyuski 

(1961). Least-squares methods used t o  ob ta in  h igh  o rde r  ap- 

proximation?, however, can,  i n  some cases ,  f a i l  t o  converge 

(Hildebrand, 1956) : and their  use f o r  empi r i ca l ly  obtained 

func t ions  i s  quest ionable .  These vers ions  of the Taylor 

series method thus  do not  appear t o  be s u i t a b l e  f o r  gene ra l  

ana lys i s  purposes. 

The Four ie r  series expansion methods developed i n  s ec t ions  

3 and 4 can be appl ied  t o  c h a r a c t e r i s t i c  func t ions  given i n  

e i ther  ana ly t i c  o r  empi r i ca l  form. The expansion c o e f f i c i e n t s  

of these methods a r e  given by d e f i n i t e  i n t e g r a l s  which can be 

eva lua ted  numerically.  The Four ie r  expansions converge w i t h  

minimum r e s t r i c t i o n s  on the form of the c h a r a c t e r i s t i c  func- 

t i on .  I n  app l i ca t ions ,  method B has  the advantages of more 

r ap id  convergence descr ibed  i n  s ec t ion  1. I f ,  i n  addi t ion ,  

the f irst  de r iva t ive  of  the characteristic i s  cont inuous,  

the method descr ibed by Lanczos (1956) can  be used t o  ob ta in  

even f a s t e r  convergence. Tables 6.2 and 6.3 show t h a t  each 

of the harmonic c o e f f i c i e n t s  of the ou tpu t  of a nonl inear  

device depends on an i n f i n i t e  series of Four ie r  c o e f f i c i e n t s  

involving consecut ive o r  a l ternate  orders .  I n  app l i ca t ions  , 

however, convergence of t he  Four ie r  expansion allows these 

series t o  be t runca ted ;  and approximations t o  lower o rde r  

harmonic c o e f f i c i e n t s  can be obtained from the r e s u l t i n g  

f i n i t e  series Thus , although the computational procedures 

can become r a t h e r  involved, the Four ie r  series methods can  be 

used f o r  gene ra l  ana lys i s  purposes. 
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I n  the Legendre series method, the expansion c o e f f i c i e n t s  

are given by d e f i n i t e  i n t e g r a l s  which a r e  s i m i l a r  i n  form t o  

those of the Four ie r  methods. The i n t e g r a l s  can be eva lua ted  

numerically,  and the method can be used t o  analyze both 

ana ly t i c  and empi r i ca l  c h a r a c t e r i s t i c s .  A s  w i t h  the Four ie r  

series , the Legendre expansions converge w i t h  minimum restric- 

t i o n s  on the form of the c h a r a c t e r i s t i c  funct ion.  I n  c o n t r a s t  

t o  the Four ie r  methods, boundary condi t ions  such a s  (6.1) do 

not  d i r e c t l y  a f f e c t  the r a t e  of convergence of the Legendre 

series: and modif icat ions of the expansion method a r e  un- 

necessary.  Table 6.4 shows t h a t  each harmonic c o e f f i c i e n t  

depends on the Legendre c o e f f i c i e n t s  of equal  and h igher  

orders .  The convergence of the Legendre expansion, however, 

allows t runca t ion  of the  c o e f f i c i e n t  series; harmonic coef-  

f i c i e n t s  of lower o rde r s  can be approximated i n  t h i s  manner. 

The Legendre series method, thus ,  appears t o  be s u i t a b l e  f o r  

genera l  ana lys i s  purposes. 

I n  t he  Tchebyscheff method, the expansion c o e f f i c i e n t s  

a r e  given by the d e f i n i t e  i n t e g r a l s  (6.68) and (6.70) .  The 

form (6 e 68) i s  inappropr ia te  f o r  numeric i n t e g r a t i o n  s i n c e  

the f a c t o r  i n  the denominator vanishes as the endpoints  of 

the i n t e r v a l  [ -1,1] a r e  approached. This s i n g u l a r i t y  does 

not  appear i n  (6 .70) ,  however, and numerical methods c a n  be 

used t o  eva lua te  the c o e f f i c i e n t s  i n  t h i s  form. The restric- 

t i o n s  on the c h a r a c t e r i s t i c  func t ion  s t a t e d  i n  s ec t ion  6 are 

s u f f i c i e n t l y  gene ra l  t o  allow the Tchebyscheff method t o  be 
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appl ied  t o  a wide c l a s s  of characteristics. Applicat ions 

can be made t o  c h a r a c t e r i s t i c s  given both a n a l y t i c a l l y  and 

empi r i ca l ly ,  and the method can  be used f o r  gene ra l  ana lys i s  

purposes. S ince  the Tchebyscheff c o e f f i c i e n t s  a r e ,  i n  f a c t ,  

the  harmonic c o e f f i c i e n t s  of the  output  s i g n a l ,  the compu- 

t a t i o n a l  procedures a r e  s impl i f ied .  The summations requi red  

by the  o the r  methods are avoided and the  convergence of the 

harmonic expansion is i n  d i rect  evidence. I n  the following 

chapters ,  methods of app l i ca t ion  of the Tchebyscheff expan- 

s ion  method a re  developed i n  d e t a i l .  The choice of t h i s  

method was based on the  s t ra ight forwardness  of the  computa- 

t i o n a l  procedure and the ease  w i t h  which e r r o r s  i n  the compu- 

t a t i o n s  can be r e l a t e d  t o  the  r e s u l t i n g  harmonic c o e f f i -  

c i e n t s .  
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7. A NUMERICAL METHOD FOR COMPUTING 

TCHEBYS CHEFF COEFFICIENTS 

7 . 1  In t roduct ion  

I n  Chapter 5 s o m e  of the advantages of using the 

Tchebyscheff expansion for  the computation of the output  

harmonic c o e f f i c i e n t s  of a s i n u s o i d a l l y  e x c i t e d  nonl inear  

device w e r e  described. T h i s  chapter  p r e s e n t s  a numerical 

method through which the Tchebyscheff expansion can be applied 

t o  a c t u a l  nonl inear  c h a r a c t e r i s t i c s *  Sec t ion  7 . 2  describes 

the mathematical development of the method, I n  s e c t i o n  7 . 3 ,  

the method i s  formulated i n  the form of a d i g i t a l  computer 

program. The program is used t o  eva lua te  the expansion method 

and determine i t s  accuracy under var ious  condi t ions  of use. 

The method is  a l s o  compared w i t h  the other expansion methods 

descr ibed i n  Chapter 5. 

7 - 2  The Numerical Method 

I n  the s tudy  of nonl inear  devices ,  the c h a r a c t e r i s t i c  

func t ion  (or t r a n s f e r  c h a r a c t e r i s t i c )  may be given either 

a n a l y t i c a l l y ,  g raph ica l ly ,  o r  numerically.  The method of 

computing Tchebyschef f expansions presented here can be used 

w i t h  characteristics given i n  any of these forms. It con- 

sists of r ep resen t ing  the characteristic by a piecewise 

l i n e a r  approximation and computing the Tchebyscheff coef- 

f i c i e n t s  of the r ep resen ta t ion .  Since the only approxima- 

t i o n s  introduced are those i n  the piecewise r ep resen ta t ion  
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of t h e  c h a r a c t e r i s t i c ,  the  method s e e m s  t o  have advantages 

over t h e  d i r e c t  a p p l i c a t i o n  of numerical i n t e g r a t i o n ,  

Figure 7 . 1  shows a t y p i c a l  nonl inear  characteristic f ( x )  

and a region where the Tchebyscheff expansion is des i r ed .  

-The region i s  given by 

Making t h e  change of v a r i a b l e  

x-xo u=---- 
A '  

t h e  region i n  u is  

The expansion c o e f f i c i e n t s  a r e  then given by e i t h e r  

or 
77 

an@,xo)  = : 1 f (A cos 6 + xo) cos (ne)  de,  ( 7 *  5) 
0 

a s  was shown previously.  These equat ions can be s i m p l i f i e d  

by de f in ing  

i n  t h e  region given by (7.3) ., Equations (7.4) and (7.5) then 

become 
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and 

The function g(u) can be represented by a piecewise 

linear approximation consisting of N segments as shown in 

Figure 7.2. When g(u) is continuous, the error in the approx- 

imation can be made arbitrarily small by increasing the number 

of segments N such that the length of each becomes small. If 

a set of N + 1 values of u and g(u) (including the endpoints 

of the interval IuI 5 1) are known, the equations of the cor- 

responding segments can be computed. Denoting these values 

by ui and g(ui), where 1 5 i 5 N + 1, the Tchebyscheff ex- 
pansion coefficients for the approximation to g(u) are given 

by 

where (ci + diu) represents the equation for the ith segment. 
The constants ci and di can be computed for each segment by 

solving the simultaneous equations 

and - 

The solution yields 

(7 e 10) 

(7.11) 

(7.12) 
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Y 

1 x0 -A xO xo+A 

Figure 7.1 Typical characteristic and desired expansion 
region 

Figure 7.2 A piecewise linear approximation to 
the characteris tic 



116 

and 

i 

(7 13) 

Equation (7 .9)  can be evaluated by making the change of v a r i -  

ab l e  

u = COS e , (7.13) 

so t h a t  it becomes 

Expansion of the cosine products  allows t h i s  expression t o  

be r e w r i t t e n  as 

(7.16) 

and 

+ % di cos[ (n+l)e]). de , 

for n 2 2. 

(7.18) 
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The i n t e g r a l s  i n  these  expressions can be evaluated so t h a t  

N .. 
(7.19) 

N  COS-'(^^) 
al = 1 [$die+cisin 8+%disin(28)1 , (7.20) 

IT f= 1 cos-l(ui+l)  

and 
N 

diSin[ ( n - l ) e l  + c j s i n ( n 8 )  
2 (n-1) n 

i= 1 

+ d i s in [  (n+ l )e ]  I 

2 ( n + l )  (7 .21)  

f o r  n 2. The Tchebyscheff expansion of t h e  piecewise 

l i n e a r  approximation t o  g ( u )  can thus be computed from 

E q s .  ( 7 . 1 2 ) ,  (7.13) '  and (7.19) through (7 .21 ) .  The app l i -  

c a b i l i t y  of t h i s  method t o  numeric d a t a  i s  ev ident .  

p o i n t s  simply become the ui and g ( u i ) .  

i n  graphic  o r  a n a l y t i c  form, the u i  and g ( u i )  can be respec- 

t i v e l y  measured or computed. 

The d a t a  

I f  t h e  d a t a  a r e  given 

7.3 Evaluat ion of the Numerical Method 

7.3.1 Computer Proqrams 

I n  o rde r  t o  eva lua te  the Tchebyscheff expansion method 

descr ibed  i n  the previous s e c t i o n ,  s e v e r a l  d i g i t a l  computer 

programs w e r e  w r i t t e n .  The  programs allowed determinat ion 
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of the accuracy of the expansion method under var ious condi- 

t i o n s  of use. They a l s o  allowed comparison of the harmonic 

c o e f f i c i e n t s  obtained by the method to  those obtained by 

the Taylor,  Four i e r ,  and Legendre series methods presented 

i n  the previous chapter .  The programs w e r e  w r i t t e n  i n  

FORTRAN I V  language and w e r e  run on an IBM-360 s e r i e s ,  Model 

75 computer. r/ 

The program ODP-10 is  reproduced i n  the Appendix and a 

flow c h a r t  is shown i n  Figure 7 . 3 .  T h e  f o u r  d i g i t  numbers 

i n  the blocks of the flow chart correspond t o  s ta tement  

numbers i n  the program. The s ta tements  w i th in  each block 

perform the opera t ions  ind ica ted  by the t i t l e  of the block. 

i The program computes approximations t o  the Taylor (LMS), 

Legendre ( L E G )  and Tchebyschef f (TCH) expans ions of f unc- 

t i o n s  on t h e  range [-lf13. 

panded, the program inpu t  r equ i r e s  a d a t a  se t  cons i s t ing  of 

For each func t ion  t h a t  i s  ex- 

N equal ly  spaced argument values  and the corresponding func- 

t i o n a l  values .  The argument values  are normalized t o  the 

range [ -1,l) . Approximations t o  the Taylor series coef f i- 

cients  are obtained by f i t t i n g  polynomials t o  the d a t a  se t  by 

the method of least  squares .  The Legendre c o e f f i c i e n t s  a r e  

obtained by approximating the i n t e g r a l s  

(7.22) 

uTriangle U n i v e r s i t i e s  Computation Center,  Research 
Tr iangle  Park, Research Tr iangle ,  North Carolina.  
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1 
DO 54 I=l, M 

M I S  MAXIMUM ORDER O F  EXPANSION 4 

0012 

D I m N S  XON DATA STORAGE 
0001-0002 

I 

READ INPUT DATA AND 
PARANETERS FOR FUNCTION 

NORMALIZE EXPANS I O N  
INTERVAL TO [ -1,1] 

I  COMPUTE LMS COEFFICIENTS 
FOR ORDER I I=M+ 1 I 

I N I T I A L I Z E  

0055-0057 
R I N T  VARIABLES 

COMPUTE LEG, TCH 
COEFFICIENTS OF ORDER I 

0020-0054 

CALCULATE 
INPUT DATA 

Figure 7 .3  Flow chart  f o r  program ODP-10 
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(see s e c t i o n  6 - 5  and Eq. (6 .52))  by the sums 

N- 1 

(7.23) 

where f ( x )  is  the func t ion  being expanded, Pn is the nth order  

Legendre func t ion ,  and the xi correspond t o  the  N values  of 

the arguments of the inpu t  d a t a  set. Approximations t o  the 

Tchebyscheff c o e f f i c i e n t s  are obtained by the expangion 

method descr ibed  i n  the previous s e c t i o n .  

Two programs (ODP-13, ODP-14) w e r e  w r i t t e n  t o  compute 

expansions corresponding t o  the Four ie r  series methods A and 

B described i n  the previous chapter. The programs u t i l i z e  
d 

I ’ the IBM S c i e n t i f i c  Subroutine Package subrout ine FORIT w h i c h  

computes Four ie r  expansions of tabula ted  func t ions .  The 

programs c o n s i s t  of a direct a p p l i c a t i o n  of the subrout ine 

and a r e ,  t h e r e f o r e ,  no t  included i n  the Appendix. 

7.3.2 Expansions of Analyt ic  Functions 

When t h e  Tchebyscheff expansion method descr ibed i n  sec- 

t i o n  two i s  appl ied  t o  an a c t u a l  nonl inear  c h a r a c t e r i s t i c ,  

e r r o r s  i n  t h e  piecewise l i n e a r  approximation produce e r r o r s  

i n  t h e  computed Tchebyscheff c o e f f i c i e n t s .  The magnitude of 

t he  e r r o r s  depends both  on the form of the funct ion being 

expanded and the number of segments i n  the piecewise l i n e a r  

approximation. I n  order  t o  determine the magnitude of the er- 

r o r s  obtained under var ious  cond i t ions  of use of the expansion 

method, s e v e r a l  func t ions  having known Tchebyscheff c o e f f i c i e n t s  



w e r e  expanded. The program ODP-10 w a s  used t o  compute the 

expansions. 

The f i r s t  func t ion  considered w a s  

(7 .24)  

Expansions w e r e  computed on t h e  range [-1,1]. 

t i o n  i s  l i n e a r ,  t he  only nonvanishing Tchebyscheff c o e f f i -  

c i e n t s  a r e  those of zero and f i r s t  o rder .  Because of the 

l i n e a r i t y ,  piecewise l i n e a r  approximations t o  the funct ion 

become exac t .  A d a t a  set c o n s i s t i n g  of 101 e q u i d i s t a n t  p o i n t s  

was generated f o r  t h e  funct ion and subsequently used a s  an in- 

put  t o  t h e  program ODP-10. The r e s u l t s  of t h e  expansion a r e  

shown i n  Table 7.1.  E r r o r s  i n  t h e  c o e f f i c i e n t s  can be a t t r i b -  

uted t o  approximations, t runca t ion ,  and rowdof f  wi th in  the 

program. The maximum absolu te  error i n  any of the c o e f f i -  

c i e n t s  i s  Since the program i s  w r i t t e n  w i t h  s i n g l e  pre- 

c i s i o n  s ta tements ,  seven s i g n i f i c a n t  f i g u r e s  a r e  r e t a i n e d  i n  

the computations. 

from the  r e p e t i t i v e  c a l c u l a t i o n s  involved i n  the  computation 

of t he  c o e f f i c i e n t s .  

Since the func- 

E r r o r s  of t he  order  of lom5 may thus  a r i s e  

The second func t ion  considered w a s  

f ( x )  = ek(X-11, (7 .25)  

where k i s  a cons tan t .  I t s  Tchebyscheff expansion on [-1,1] 

i s  given by (Snyder, 1966) 

e k(x-19 = 2e-k 7 En I n  (k) Tn (x) , (7.26) 
U 

n=O 
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Table 7.1 Tchebyschef f c o e f f i c i e n t s  f o r  ( I B x )  on [ -1,1] 2 

Order Analyt ic  
Coef f i c i en t  

ODP-10 
(101 Poin ts )  

E r ro r  

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1.0 

-0.5 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

1.0000 

-. 5000 
-. 1793~10-~ 
.9323~10-~ 

-. 3 0 2 7 ~ 1 0 ~ ~  
.7653~10-~ 

- .8514~10-~ 
.1039~10-~ 

- .8324x10e6 
.7138~10-~ 

10-6 

10-5 

where In is the  nth o rde r  modified B e s s e l  funct ion of the f irst  

type and cn i s  the Neumann symbol (see Eqs.  (6.5) and (6.6) ) . 
The func t ion  of Eq .  (7.25) can be used t o  test t h e  Tchebyscheff 

expansion method under a v a r i e t y  of cond i t ions  s ince  the r a t e  

of convergence of t h e  expansion of Eq .  (7.26) depends on t h e  

value of  the cons t an t  k. For smaller  va lues  t h e  expansion is  

more quick ly  convergent. Expansions of the funct ion w e r e  com- 

puted f o r  k 

t h e  form of 

the  pxogram 

e q u i d i s t a n t  i 

values  of one, two, and f i v e .  Figure 7.4 shows 

t h e  func t ion  wi th  these va lues .  Resu l t s  of using 

ODP-10 with  input d a t a  sets c o n s i s t i n g  of 101 

p o i n t s  a r e  shown i n  Tables 7.2, 7.3, and 7.4. 
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Table 7.2 Tchebyscheff coefficients for on {-1,1] 

, 

Order Analytic ODP-10 Error 
coefficient (101 Points) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

-9315 

.4158 

.9984 x 10-1 

.1630 x 10-1 

.2014 x 

.1997 x 

-1655 x 

~ 1 7 6  10-5 

.7329 x 

.4059 x lom8 

.9315 

.4158 

.9988 x 10-1 

.1631 x 1 O - I  

.2013 x loe2 

.MO 10-3 

.4553 x 10-6 

,1472 x 

-.1442 x 

-.6830 x 

10-4 

10-4 

4 10-5 

10-5 

10-6 

10-6 

2 x 10-6 

2 x 10-6 
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Table 7.3 Tchebyscheff c o e f f i c i e n t s  f o r  e2(x-1) on [-1,1] 

Order Analyt ic  
c o e f f i c i e n t  

ODP-10 
(101 Po in t s )  E r ro r  

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

.6168 

.4304 

.1864 

.5757 x 10-1 

.1373 x 10-1 

.2659 x 

.4331 x 

.6079 x 

.7498 x 

.8239 x 

.6171 

.4306 

.1865 

.5759 x 10-1 

.1373 x 10-1 

.4292 10-3 

,5692 

~ 3 0 1  

-.3225 

.2656 x 

3 

2 10-4 

2 

3 x 10-6 

4 x 10-6 

4 x lo+ 

4 x 

4 x 
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Table 7.4 Tchebyscheff c o e f f i c i e n t s  f o r  e 5 ( ~ - 1 )  on ~ - 1 ~ 1 3  

Order Analyt ic  
c o e f f i c i e n t  

ODP-10 
(101 Poin ts )  

Er ror  

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

.3669 

.3278 

.2359 

.1392 

.6883 x lo-’ 

.2908 x lo-’ 
,1068 x 10-1 

.3457 x 

~ 9 8 8  

.2602 x 

.3674 

.3282 

.2361 

.1393 

.6887 x lo-’ 

.2908 x lo-’ 

. lo66 x 10-I 

.3435 x 

,9752 

.2358 x 

The a n a l y t i c  c o e f f i c i e n t  va lues  shown w e r e  obtained by using 

Eq.  (7.26) and t a b l e s  of modified Bessel func t ions  (Ol iver ,  

1965). The r e s u l t s  show t h a t  a s  t h e  a n a l y t i c  expansion be- 

comes more slowly convergent, a d d i t i o n a l  e r r o r s  occur i n  the  

approximations t o  the  lower order  c o e f f i c i e n t s .  This can be 

seen by comparing t h e  e r r o r s  shown i n  the  f i r s t  s eve ra l  rows 

of t h e  three t a b l e s .  The r e s u l t s  a l s o  show t h a t  t h e  program 

is unable t o  eva lua te  c o e f f i c i e n t s  of t h e  order  of and 

l e s s .  This  can be expected because of the  l i m i t a t i o n s  on the  

computational accuracy mentioned before .  
I 
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I n  order  t o  observe the e r r o r s  introduced by the piece-  

w i s e  l i n e a r  approximation, expansions of t h e  exponent ia l  func- 

t i o n s  w e r e  computed from d a t a  sets containing var ious numbers 

of p o i n t s -  Resul t s  of using sets containing 11, 21,  41, and 

81 e q u i d i s t a n t  p o i n t s  f o r  the exponent ia l  w i t h  k=5 a r e  shown 

i n  Table 7.5 S i m i l a r  r e s u l t s  w e r e  obtained for the o t h e r  

values of k .  The r e s u l t s  s h o w  the increased e r r o r s  a s  the 

number of p o i n t s  diminishes.  It can be seen,  however, t h a t  

approximations accu ra t e  t o  wi th in  three percent  a r e  obtained 

f o r  the c o e f f i c i e n t s  of orders  zero  through f i v e  w i t h  a s  f e w  

a s  2 1  po in t s .  

/ Table 7.5 Tchebyscheff c o e f f i c i e n t s  for  e (x-’) r e s u l t i n g  
from ODP-10 w i t h  var ious d a t a  sets 

Analyt ic  Poin ts  i n  d a t a  se t  
81 41 2 1  11 c o e f f i c i e n t  Order 

I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

3669 

3278 

2359 

.1392 

.0688 

e 0290 

0106 

0034 

.0009 

.0002 

.3675 

3283 

.2362 

1394 

e 0688 

.0290 

.0106 

e 0034 

0 0009 

* 0002 

.3688 

3294 

2369 

.1397 

.0689 

e 0299 

.0104 

.0032 

.0007 

-. 0000 

.3734 

.3334 

0 2394 

e 1407 

e 0687 

.0281 

e 0093 

.0019 

-. 0006 

-. 0013 

3896 

3470 

2469 

1418 

.0652 

0 0221 

e 0023 

- 0049 

0006 

-. 0062 
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The r e s u l t s  presented here i n d i c a t e  tha t  t h e  numerical 

expansion method formulated i n  the program ODP-10 is  capable 

of providing good approximations t o  Tchebyscheff c o e f f i c i e n t s  

having magnitudes of through uni ty .  The r e s u l t s  a l s o  

i n d i c a t e  t h a t  even f o r  func t ions  such as e5(x-l)  w h i c h  have 

slowly convergent expansions,  good approximations t o  t h e  

c o e f f i c i e n t s  through f i f t h  o rde r  can be obtained w i t h  a s  few 

a s  2 1  e q u i d i s t a n t  d a t a  po in t s .  

7 * 3 . 3  Comparison w i t h  t he  O t h e r  Expansion Mekhods 

The programs ODP-10, ODP-13, and ODP-14 w e r e  used t o  

compute the Taylor Four ie r  Legendre and Tchebyscheff 

expansions of s e v e r a l  nonl inear  c h a r a c t e r i s t i c s .  The expan- 

s i o n  c o e f f i c i e n t s  obtained w e r e  used i n  the  expressions 

(derived i n  Chapter 6) f o r  t h e  output  harmonic c o e f f i c i e n t s  

of a s i n u s o i d a l l y  exc i t ed  nonl inear  deviceo  By t runca t ing  

t h e  expansions a t  var ious o rde r s ,  the  approximations t o  the 

harmonic c o e f f i c i e n t s  given by the Taylor Four ie r  , and 

Legendre expansion methods could be compared t o  those given 

by the Tchebyscheff method descr ibed i n  s e c t i o n  2. Expan- 

s ions  of a number of func t ions  w e r e  computed- The r e s u l t s  

presented here are t y p i c a l  of those obtained,  

Figures  7.5 through 7 , 8  s h o w  r e s u l t s  of the expansion 

of the func t ion  e5gX-') w i t h  a d a t a  se t  cons i s t ing  of 101 

e q u i d i s t a n t  p o i n t s  on the  range [ - l , l ]  Approximations t o  

the harmonic c o e f f i c i e n t s  of o rde r s  one (bl) through four  (b4) 
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a r e  shown. The var ious  expansions w e r e  t runca ted  a t  orders  

three through nine e The approximations t o  the  c o e f f i c i e n t s  

given by the Taylor (LMS), Four ie r  A (FOA), Four ie r  B (FOB) I 

and Legendre (LEG) methods show convergence t o  the values  

given by t h e  Tchebyscheff (TCH) c o e f f i c i e n t s ,  The Four ie r  

series methods showed r e l a t i v e l y  slow convergence as can 

be seen i n  the f i g u r e s .  The somewhat e r r a t i c  behavior of 

t he  LMS method can be seen i n  Figure 7.5. 

The r e s u l t s  demonstrate advantages of using the 

Tchebyscheff expansion method. The approximation t o  a given 

harmonic c o e f f i c i e n t  is  obtained d i r e c t l y  from the  TCH coef- 

f i c i e n t  of corresponding order .  For a given o rde r ,  h igher  

orders  of the Tchebyscheff expansion a r e  necessary.  
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8. APPLICATIONS OF THE TCHEBYSCHEFF 
EXPANS ION METHOD 

8.1 A For t r an  Program f o r  the Analysis of 
Zero-Memory Nonlinear Characteristics 

I n  order t o  apply the  Tchebyscheff expansion method t o  

the a n a l y s i s  of nonl inear  characteristics , a computer program 

was wr i t t en .  The program (ODP-11) u t i l i z e s  the numerical 

method presented  i n  the previous chapter  t o  compute Tchebyscheff 

expansions of subregions of a given nonl inear  characteristic. 

The program a l s o  computes the equiva len t  noise- to-s ignal  

r a t i o s  of the subregions.  Various subregions of a charac te r -  

i s t i c  can thus be compared w i t h  r e spec t  t o  the s i g n a l  d i s t o r -  

t i o n s  that  they introduce and regions g iv ing  minimum d i s t o r -  

t i o n  can be found. The program is  reproduced i n  the Appendix 

and a flow chart i s  shown i n  Figure 8.1. 

For each subregion the program output  conta ins  the 

Tchebyscheff expansion c o e f f i c i e n t s ,  the corresponding noise- 

t o - s igna l  r a t i o ,  an estimate of the accuracy of the noise-to- 

s i g n a l  r a t i o ,  and i d e n t i f i c a t i o n  da ta .  The estimate of the 

accuracy of the noise- to-s ignal  r a t io  i s  obtained by use of 

an error parameter. The parameter i s  p a r t  of the requi red  

program inpu t  for  each characteristic. It corresponds t o  

the accuracy t o  w h i c h  of the f u n c t i o n a l  values  of the inpu t  

da t a  se t  are known. I n  the execut ion of the program, expan- 

s i o n  c o e f f i c i e n t s  less than this  value are set equal  t o  zero.  

The noise- to-s ignal  ra t ios  are computed as 
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t 
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FOR S P E C I F I E D  INTERVALS 

MORE DATA 

, 
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0018-0021 
+ NEW INTERVAL ' 

.L 

COMPUTE TCHEBYSCHEFF 
EXPANSION COEFFICIENTS 
0037-0066 E q s .  ( 7 . 1 2 )  , 

DELETE COEFFICIENTS 

COMPUTE NSR, 

0072-0084 

NORMALIZE COEFFICIENTS 

Figure 8.1 F l o w  chart f o r  the program ODP-11 
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n=2 NSR = 
bl 

where b, r ep resen t s  the Tchebyschef f (harmonic c o e f f i c i e n t s  

and M r ep resen t s  t h e  highest expansion order c 

estimates of the accuracy of the noise- to-s ignal  r a t i o s  are 

computed a s  

w h e r e  6 r ep resen t s  the e r r o r  parameter. This es t ima te ,  thus ,  

corresponds t o  the change i n  the noise- to-s ignal  r a t i o  i f  a 

small  random f l u c t u a t i o n  having a root-mean-squared value of 

E is added t o  the func t ion  that  is being expanded. 

For each c h a r a c t e r i s t i c ,  the subregions a r e  determined 

by a l i s t  of amplitude parameters and a spacing parameter- 

These are p a r t  of the requi red  program inpu t  and correspond 

numerically t o  numbers of p o i n t s  of the input  d a t a  set. Thus, 

an amplitude parameter of t e n  corresponds t o  a region spanned 

by t e n  p o i n t s  of the inpu t  data set. I f  the d a t a  p o i n t s  are 

equa l ly  spaced, a specific amplitude parameter implies  a 

f ixed  subregion length.  For  each amplitude parameter l i s t e d ,  

the program v a r i e s  the loca t ion  of the subregion by incre-  

ments corresponding t o  the spacing parameter. The process  

is  begun a t  the beginning of the input  data set and is  con- 

t inued u n t i l  the region reaches the end of the set. T h i s  

procedure is repeated f o r  each l i s t e d  amplitude parameter. 
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8 . 2  Analysis of t h e  C h a r a c t e r i s t i c  Curves 
of Type 649-F Spectroscopic  Plates 

The f o r t r a n  program ODP-11 w a s  used t o  analyze the 

c h a r a c t e r i s t i c  curves of Kodak, type 649-F spec t roscopic  

p l a t e s -  The a n a l y s i s  s e rves  a s  an example of t h e  use of t h e  

program ou t l ined  i n  the preceding s e c t i o n ,  The r e s u l t s  r evea l  

optimum exposure and development condi t ions  f o r  t h e  use of 

t he  p l a t e s ,  

The curves w e r e  obtained i n  Hur te r -Dr i f f ie ld  form from 

a pub l i ca t ion  of t h e  Eastman Kodak Company (Kodak, 1967). 

They r ep resen t  10  second exposure t o  tungsten i l l umina t ion  

and development i n  Kodak developer D-19 a t  68OF. 

curve i s  i d e n t i f i e d  by i t s  corresponding development t i m e .  

The curves w e r e  enlarged photographical ly  t o  approximately 

Each 

4'''' x 8" s i z e .  An accura te  se t  of da t a  was taken from each 

curve and t h e  corresponding amplitude t ransmi t tance  v s o  

exposure d a t a  was obtained using a simple f o r t r a n  program. 

This d a t a  was then accu ra t e ly  p l o t t e d  on graph paper.  The 

r e s u l t i n g  curves a r e  shown i n  Figure 8 . 2 ,  F i n a l  d a t a  f o r  

use i n  the  program was taken from these  curves.  T h i s  pro- 

cedure allowed t h e  f i n a l  d a t a  t o  be i n  equal  i n t e r v a l  form. 

Thus, a se t  number of consecutive d a t a  p o i n t s  corresponds 

t o  a s p e c i f i c  region length.  

I n  order  t o  determine t h e  accuracy of t h e  d a t a  tak ing ,  

t h r e e  independent observat ions of 96 p o i n t s  on t h e  2 minute 

c h a r a c t e r i s t i c  w e r e  made. A s h o r t  f o r t r a n  program was 
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w r i t t e n  t o  estimate the  s tandard  dev ia t ion  of t he  observa- 

t i o n s ,  The r e s u l t i n g  estimate was -0033, This estimate was 

subsequently used a s  t h e  e r r o r  parameter i n  the  program. 

The f i n a l  d a t a  se t  f o r  each of the 649-F c h a r a c t e r i s t i c  

curves cons is ted  of approximately 90 p o i n t s ,  The amplitude 

parameters used w e r e  11, 21, 31, etc. and t h e  s t e p  parameter 

was 5. Resul ts  from the program are shown i n  Figures 8.3 

through 8.10. I n  t h e  f i g u r e s  t h e  inpu t  exposure i s  assumed 

t o  be of t h e  form 

E(x) = Eo 4- A cos(wxx) (8.3) 

where Eo i s  the  bias l e v e l  and A is  t h e  amplitude of t h e  

s inuso id ,  and wx r ep resen t s  i t s  s p a t i a l  r ad ian  frequency, 

Figures  8 , 3  through 8.6 show t h e  output  fundamental (undis- 

t o r t e d  s i g n a l )  amplitude a s  a func t ion  of b i a s  l e v e l  and 

input  s inusoid  amplitude A. Figures 8 .7  through 8-10  show 

the  output  MSR a s  a func t ion  of b i a s  l e v e l  and inpu t  

amplitude. 

Resul t s  of t he  a n a l y s i s  of t he  c h a r a c t e r i s t i c  curves of 

type 649-F spec t roscopic  p l a t e s  show t h a t  t h e  e f f e c t s  of t he  

n o n l i n e a r i t i e s  can be minimized f o r  a given c h a r a c t e r i s t i c  

by choosing bias l e v e l s  appropr ia te  t o  the  amplitude. I n  

most cases ,  t he  optimum bias corresponds t o  t h e  maximiza- 

t i o n  of t h e  output  fundamental amplitude, Figure 8.11 shows 

the  N S R ' s  ( a t  optimum b i a s )  of t h e  four  c h a r a c t e r i s t i c s  as 

a func t ion  of t h i s  amplitudeo It can be seen t h a t  under 



138 

r I I I I '  
m . N rl 

0 
0 
00 

0 
0 
P 

0 
0 
Lo 

n 
rn a 
I= 
0 o u  

' 0  a, 
m r n  

a, 
rl a r: 
Id 
U 

0 1  
' 0  s.4 
d c u  

c, 
a, 
E 
v 

rl 
a, 

0 3  
' 0  a, 
m ; l  

rn 
Id 
.A 
a 
- 

0 0  
' 0  w 

N 

0 
' 0  
I4 

.) 



139 

i 

1 I I I I 
m d m cv 

0 
0 
03 

0 
0 
P 

0 
0 a 

c5 

m o a  
o c  
m o  u 

a, 
0 

a, 
ri a 

or: 
ord 
d U  

I 
2-I 
a, 
c, 
a, 
E 
v 

0 
0 4  

' M  a, 

IJ 
m 
rd 
-rl 

5 

o m  
0 

' c u  - 
* + . I  

7 a 
c, 

ri 



0 
m 
N 

0 
0 
m 

i l  

rn I I I 

0 
0 co 

0 
0 
P 

0 
0 
\z) 

0 
‘ 0  

m 

0 
B O  

0 
- 0  

m 

0 . o  
N 

0 . o  
rl 

14 0 

n 
rn a 
c 
0 
U 
a, 
rn 

a, 
rl a 
c 
id 
U 
I 
Ll 
a, 
4J 

2 
v 

4 
a, 
3 
a, 
GI 
m 
id 
-4 
al 
- 
0 w 

U 
.A 
4J 
rn 
.4 
k 
a, 
4J 
U 
Id 
Ll 
id c 
U 

a, 
4J 
3 
E: 
E 
-4 

m 

a, 
5 
Ll 
0 w 
m 
a, a 
3 
4J 
-4 
4 a 
5 

2 

rl 
a 
c, 
C 

id a 
E: 
2 w 
4J 
3 a 
4J 
3 
0 

In 

a3 

a, 
k 
3 
bl 

E 
-4 

m d n N rl 



14 1 

i 

k 
a, 
U 
0 
id 
k 

0 id 
0 
m .-cu 

a, 
4J 
7 c 
E 

.rl 

- 0  
rn a a l  
c c  
o *  u 
a, k 
rn 0 w 

o a ,  
0 4  m 
- 7 3  a, c a  

id 7 
u 4 J  
I -4 
k r l  
a , &  
U E  
a, id 
E 
- 4  

id 

" + J  

wo 3 
- 7  

a 
0 

m CJ rl 



14 2 

0 
in 
N 

I I  
k 

0 
0 
N 

I I  

0 
In 
d 

I I  

0 
0 
d 

II 

In 
N 

0 
d 

In 
0 

0 
0 a 

,o 
0 
\D 

h 

m . a  
c 
0 u 
a, 
m 

a, 
rl o a  .o c 

* I d  
U 
I 
k 
a, 
4 

2 
v 

d 
a, 
3 
a, 
1-7 
m 
Id 

0 -4 

N 
.o a 

- 

u 
-4 
c, 
m 
-4 
k 
a, 
c, 
U 
Id 
M 
Id s u 
a, 
c, 
7 r: 
.rl 
E 
N 

a, 
5 
M 
0 w 
m 
0 
-4 
c, 
Id 
k 

d 
Id 
c 
6r 
-4 
m 
I 
0 
U 
I 

Elo : 
-4 

XSN 



14 3 

0 
0 
03 

I 

Ln 
N 

0 
cu 

m 0 
d d 

Ln 
0 

U 
-4 
c, 
v) 
-4 

0 M 
0 a, 
Lo c, 

U 
Id 
k 
Id s 
0 

a, 
4J 

- 3  
In c a *A 
c E 
0 
U r n  
a, 
m a, 

0 A 
' 0  a, c, 
d d  a L-r 

c: 0 a w  u 
t rn 
M 0 
a, -4 
c, CI 
a, Id 
E M  
v 

d rd 
a, c 
3 tP 
h, -rl 

0) 
0 

' 0  m 0 
N I d  4J 

-4 I 
a, 

* m  

8SN 



144 

0 
m 

I 1  

I I I r I 
m 0 In 0 m 
N N d I4 0 

h 

m a 
c 
0 
U 
a, m 
a, 
rl a 
F: 
Id 
U 
I 
k 
a, 
c, 
a, 
E 
Iu 

d 
a, 
3 
a, 
GI 
v) 
rd 
-4 rn 
- 
0 w 

U 
-4 
4-J 
m 
-4 
k 
Q) 
U 
U 
rd 

s 
U 

a, 
U 
3 
d 
-4 
E 

2 

m 
a s 
4J 

k 
0 w 
m 
0 
-4 
c, 
rd 
k 
rl 
m 
c m 

-74 

m 
I 
0 
U 
I 
a, m 
-4 

0-l 

co 
a, 
k 
3 
tr 
-4 cr 



14 5 

0 0  
u 3 d  

II II 

4 4  

t I I I I 

m 
cv 

0 cv 
VI 
d 

0 
d 

rn 
0 

0 
in 
N 

0 
0 
N 

0 
m 
rl 

0 
0 
rl 

h 

rn a c 
0 
U 
a l  
rn 

a, 
d a c 
rd 
U 
I 
L-i 
a, 
c, 

8 
v 

rl 
a, 
3 
a, 
4 
rn 
rd 
-4 
a 
- 
0 

M 

U 
-4 
4J 
m 
-4 
L-i 
a, 
c, 
U 
a 
k 
a 
.-G 
U 

a, 
4J 
3 c 

T I  
E 
m 
a, 
.-G 
4-J 

L-i 
0 w 
m 
0 
-4 
-cJ 
a 
k 

rl 
a 

-4 
m 
I 
0 c, 
I 
a, 
rn 
.rl 

% 

G 
0 
rl 

a3 

a, 
L-i 
3 
D 
-4 
E 



d 
0 

m 
0 

N 
O 

4 
0 

a, a 
3 
4J 
-4 
rl a 
E 
4 
rl 
fd 
c, 
c 
a, 

a c 
7 
E 

4J 
3 a 
4J 
7 
0 

5 

0 



147 

optimum. b i a s  condi t ions  the  9 minute c h a r a c t e r i s t i c  e x h i b i t s  

minimum nonl inear  e f f e c t s .  The output  fundamental amplitude 

.4 r ep resen t s  a th reshold  value.  For output  amplitudes less 

than t h i s ,  a l l  of t he  c h a r a c t e r i s t i c s  g ive  NSR's less than 

- 0 2  with optimum b i a s .  For output  amplitudes g r e a t e r  than 

t h i s ,  t h e  NSR's i nc rease  r ap id ly .  
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9. CON@13US$ON 

4 

9 .1  I Summary 

Two sources  of s i g n a l  d i s t o r t i o n s  i n  o p t i c a l  da ta  proces- 

Small Devia- s o r s  employing coherent  l i g h t  were inves t iga t ed .  

t i o n s  of t h e  geometry of s i g n a l  c a r r i e r  su r f aces  wi th in  such 

processors  w e r e  shown t o  c r e a t e  s i g n a l  d i s t o r t i o n s  correspond- 

ing t o  a t t e n u a t i o n ,  frequency s h i f t s ,  and, and phase e r r o r s  

i n  e l e c t r o n i c  systems. Geometric dev ia t ions  of a c t u a l  s i g n a l  

c a r r i e r  su r f aces  w e r e  represented  by s p e c i f i c  geometric models. 

These models allowed q u a n t i t a t i v e  r e l a t i o n s  t o  be der ived 

between t h e  s i g n a l  d i s t o r t i o n s  and t h e  parameters descr ib ing  

t h e  geometry. 

A method of analyzing the  s e v e r i t y  of s i g n a l  d i s t o r t i o n s  

caused by zero-memory n o n l i n e a r i t i e s  was developed. An equiv- 

a l e n t  noise- to-s ignal  r a t i o  was introduced f o r  t h e  desc r ip t ion  

of t he  s e v e r i t y  of nonl inear  e f f e c t s .  Ex i s t ing  methods of 

computing s inuso ida l  s i g n a l  d i s t o r t i o n s  w e r e  compared with t h e  

Tchebyscheff methods. The Tchebyscheff method toge ther  wi th  

the  noise- to-s ignal  r a t i o  desc r ip t ion  of nonl inear  e f f e c t s  

was formulated a s  a computer program. The program was used t o  

analyze the  nonl inear  c h a r a c t e r i s t i c s  of type 649-F spectro-  

scopic  p l a t e s .  

9 . 2  Findinqs 

The r e s u l t s  of t h e  study of dev ia t ions  of s i g n a l  c a r r i e r  

sur face  geometry show t h a t  t he  primary s i g n a l  d i s t o r t i o n s  
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introduced by s m a l l  dev ia t ions  are phase s h i f t s .  The at tenua-  

t i o n  and frequency s h i f t  d i s t o r t i o n s  appear as  second o rde r  

e f f e c t s .  The equat ions  r e l a t i n g  the  phase d i s t o r t i o n s  t o  t h e  

parameters descr ib ing  t h e  var ious  geometric dev ia t ions  show 

t h a t  s i g n i f i c a n t  phase d i s t o r t i o n s  e x i s t ,  even f o r  amall devi- 

a t i o n s ,  i f  f a i r l y  h igh  s p a t i a l  f requencies  occur i n  t h e  s ig-  

n a l s  being processed. The phase d i s t o r t i o n s  increase  a s  t h e  

square of t h e  s p a t i a l  frequency of t he  s i g n a l s .  

The comparison of  q u a n t i t i e s  descr ib ing  the  s e v e r i t y  of 

s i g n a l  d i s t o r t i o n s  caused by zero-memory n o n l i n e a r i t i e s  shows 

the advantages of us ing  the noise- to-s ignal  r a t i o ,  I f  addi- 

t i o n a l  no i se  sources  e x i s t  wi th in  an o p t i c a l  processor ,  t he  

noise- to-s ignal  r a t i o s  combine add i t ive ly .  The comparison of 

the expansion methods f o r  determining the output  harmonic 

c o e f f i c i e n t s  of a s inuso ida l ly  exc i t ed  nonl inear  device demon- 

s t r a t e s  t h e  advantages of t h e  Tchebyscheff method. The har- 

monic c o e f f i c i e n t s  a r e ,  i n  f a c t ,  the  Tchebyscheff expansion 

c o e f f i c i e n t s  of t he  c h a r a c t e r i s t i c  represent ing  the nonline- 

a r i t y  and thus  t h e i r  computation i s  s impl i f i ed .  The numerical 

method of ob ta in ing  Tchebyscheff c o e f f i c i e n t s  described i n  

Chapter 7 was found t o  g ive  accura te  approximations t o  coef- 

f i c i e n t s  of a n a l y t i c  func t ions .  

The a n a l y s i s  of t h e  c h a r a c t e r i s t i c  curves  of type 649-F 

spectroscopic  p l a t e s  r e v e a l s  optimum exposure condi t ions  f o r  

the minimization of non l inea r  s i g n a l  d i s t o r t i o n s .  Recorded 

s i g n a l s  which modulate t h e  amplitude t ransmi t tance  by as  much 
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a s  -8 can be obtained wi th  equiva len t  noise- to-s ignal  r a t i o s  

as  low a s  ,01. When exposed properly,  t h e  p l a t e s  are capable 

of y i e ld ing  minimal nonl inear  d i s t o r t i o n s .  

The method of analyzing zero-memory n o n l i n e a r i t i e s  devel- 

oped he re in  can be used t o  determine t h e  s e v e r i t y  of nonl inear  

d i s t o r t i o n s  both i n  o p t i c a l  da ta  processing systems and o t h e r  

a p p l i c a t i o n s  where such n o n l i n e a r i t i e s  a r e  encountered. The 

method can be used e f f e c t i v e l y  i n  a p p l i c a t i o n s  r equ i r ing  

e i t h e r  approximate o r  p r e c i s e  r e s u l t s .  
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11. APPENDIX 

C 
C 

0001 

0002 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 

0003 9 

0004 
0005 
0006 
0007 
0008 
0009 

e 
C 
C 

0010 
0011 

C 
C 
C 

0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 

11,l +The Fortran Proqrarn ODP-10 

ODPlO LMS, LEGENDRE, TCHEBYSCHEFF EXPANSIONS 

DIMENSION X(120),Y(120),~(120),AP(15,15), 

DIMENSION F3 ( 1 2 0 )  I PLMS (15) , A (15,151 , B (15) 
"AL ( 15)  , AT ( 15 ) , F2 ( 1 2 0 )  

X=EXPOSURE ( I N T E N S I T Y )  
Y=AMPLITUDE TRANSMITTANCE 
XN=NORMALIZED X (-1,l) 
A P ( 1 , J )  = LMS C O E F F I C I E N T  J FOR ORDER 1-1 
A L ( 1 )  = LEGENDRE C O E F F I C I E N T  FOR ORDER 1-1 
AT ( I )  = TCHEBYSCHEFF C O E F F I C I E N T  FOR ORDER 1-1 
P R  = FLIM I D E N T I F I C A T I O N  
N = NUMBER O F  P O I N T S  
NORD=HIGHEST ORDER COMPUTED 

READ DATA 

DO $00 N A L = l , 1 0 0  
READ ( 1 , 2 0 )  PR,  P R 1 ,  P R 2 , N ,  NORD 

M=NORD+1 
DO 1 I = l , N  

20 F O R M A T ( 2 A 4 , A 2 , 2 1 5 )  

1 R E A D ( 1 , 2 1 )  X ( I ) , Y ( I )  
2 1  FORMAT ( 2 F 1 0 . 4 )  

NORMALIZE X 

DO 2 I = l , N  
2 XN ( I )  = ( 2 .  "X ( I  ) -X ( N )  -X ( 1) / ( X  ( N )  -X (1) ) 

COMPUTE EXPANSIONS 

DO 3 I = l , M  
I F  ( 1 - 3 )  6 , 4 , 4  

4 CALL LMS ( X N , Y , I , N , P L M S , I L M S )  
DO 10 J=l,l: 

10 A P ( I , J ) = P L M S ( J )  
I F ( I L M S ) 7 , 6 , 7  

7 W R I T E ( 3 , 2 2 )  1 , ILMS 
22 FORMAT('  I ,  ' O R D + ~ = ' ,  1 2 ,  ' ERROR(LMS)= '  , 1 2 )  

6 N I z N - 1  
AL ( I  ) =O . 
A T ( I ) = O .  
I1=1-1 
DO 60 J = l , N 1  
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0025 
0026 
0027 
0028 
0029 
0030 

0031 
0032 
0033 
0034 
0035 
0036 
0037 
0038 
0039 

0040 
0041 
0042 
0043 
0044 
0045 
0046 
0047 
0048 

0049 
0050 

0051 
0052 

0053 
0054 
0055 

0056 
0057 
0058 

0059 
0060 
0061 
0062 
0063 
0064 
0065 

DEL=XN ( J +  1) -XN ( J )  

CALL LEGEN ( X l , I l ,  PLI I L E G )  
XI= ( X N  ( J ) + x N (  ~ t . 1 )  ) / 2 .  

IF (ILEG) 8 ,9 ,8  
8 W R I T E ( 3 , 2 3 )  I , J , I L E G  

23  FORMAT ( ' ' I ' ORD+1=' , * PT NUM=' ,14, ' ERROR (LEG) = 
* ' , I 2 )  

9 AL ( I )  =AL ( I )  + (Y ( J ) + Y  ( ~ + 1 )  1 *PI;I*PEL 
I F  (XN ( J )  ) 301,100,101 

GO TO 104 
100 A R G 1 = 1 . 5 7 0 7 9 6  

GO TO 104 

3 0 1 ARGl=ATAN ( SQRT ( 1 . -XN ( J ) *XN ( J 9 ) /XN ( J ) ) + 3 . I41  5 9 3 

101 A R G ~ = A T ~  ( S Q R T , ( ~  .-XN ( J )  *XN(J) )/m ( J )  ) 
104 I F ( X N ( J + l ) )  303,102,103 
303 ARG2zATAN (SQRT (1. -XN ( J +  1) *XN ( J +  1) ) / X N  ( J +  1) ) + 

"3.141593 
GO TO 105 

1 0 2  A R G 2 = 1 . 5 7 0 7 6  
GO TO 105 

103 ARG2zATAN ( SQRT ( 1. -XN (J+1) *XN ( J + l )  ) /XN ( J + 1 )  ) 
105 CONTINUE 

AO=(Y ( J )  * X N  ( J + 1 )  -Y ( J + 1 )  * X N (  J )  ) /  (XN( J . + l )  -XN( J )  ) 
A L = ( Y  ( J + 1 )  -Y( J )  ) / (XN(  J+1) -XN ( J )  ) 
I F  ( 1 - 2 )  107 ,108 ,109 

107 AT (I )=AT ( I  )+  (AO* (ARGI-ARG2) + A l *  ( S I N  (ARG1) - S I N  
* (ARG2) 1 )  

GO TO 60 
108 AT ( I  ) =AT ( 11 ) + ( .5*A1* (ARGl-ARG2) +A,@ ( S I N  ( ARGl  ) - 

* S I N  (ARG2) 1 +. 25*A1* ( S I N  ( 2 .  *ARG1) - S I N  ( 2.  *ARG2) ) ) 

109 AT ( I ) = A T  ( I )  + ( .5*A1* ( S I N  ( ( 1 1 - 1 )  "ARGI) - S I N (  ( 1 1 - 1 )  * 
"ARG2) ) / ( 1 1 - 1 )  +AO* ( S I N  ( I l " A R G 1 )  - S I N  ( I I " A R G 2 )  ) /11+ 
* .5 *Al*  ( S I N  ( ( I  I+ 1) "ARG1) - S I N  ( ( I  1+ 1) *ARG2) ) / ( I  I+ 1) ) 

GO TO 60 

60 CONTINUE 
AL ( I  ) =AL (I ) * ( .5*I 1+ a 2 5 )  

3 AT ( I  9 =AT ( I  ) /1 e 5 70796 
C 
C P R I N T  C O E F F I C I E N T S  
C 

DO 14 K = l , N  
F 2 (K)  =AL ( 1) +AL ( 2 )  *XN ( K) 

14 F3 (K)  =AT ( 1) /2 .+AT ( 2 ) *XN ( K )  
C 

DO 99 I = 3 , M  
I1=1-1 
W R I T E ( 3 ,  2 4 ) P R n P R 1 , P R 2 , I 1  

WRITE ( 3 , 25 1 

W R I T E ( 3 , 2 6 )  ( A L ( J ) , J = l , I )  

24 FORMAT ( ' 1 , 2A4,  A 2  , 

25 FORMAT(# ' , ' L M S  ' # l O ( E 1 1 . 4 , 1 X ) )  

ORDER= ' , I 2 / / )  
( AP ( I  I J )  , J=1, I ) 
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, 

0066 
0067 
0068 

e 
C 
e 

0069 
0070 

C 
0071 
0072 
0073 
0074 
0075 
0076 
0077 
0078 
0079 
0080 
0081 

0082 
0083 
0084 
0085 

0086 
0087 
0088 
0089 
0090 
0091 
0092 
0093 
0094 
0095 
0096 
0097 
0098 

26 

27 

29 

16 
15 

200 

FORMAT(' I ,  'LEG 8,10(E11.4,1X)) 
WRITE(3,27) (AT(J) ,J=l,I) 
FORMAT ( 1 ' , TCH I 10 [El 1.4,lX) //) 

PRINT APPROXIMATIONS 

WRITE(3,29) 
FORMAT ( I 4X, Xi I 9X, 'XN' I 8X, 'Y I 8X, ' LMS' ,7X' 
*LEG'87XnTCH') 

SLMS=O . 
SLEG=O. 
STCH=O. 
DO 13 K=l,N 
Fl=AP (I 1) 
DO 16 'L=2,I 
F1=F1+AP(IIL)*XN(K)**(L-l) 
CALL LEGEM (XN (K) ,Il,FLEG, ILEG) 
F2 (K) =F2 (K)+AL (I) *FLEG 
IF (XN(K) ) 200,202,201 
F3 (K) =F3 (K) +AT (I ) *COS (11" (ATAN ( SQRT ( 1. -XN (K) * 

*XN (K) )/XN (K) )+3.141593) ) 
GO TO 203 

GO TO 203 
202 F3(K)=F3(K)+AT(I)*COS(I1*1.570796) 

201 F3 (K)=F3 (K)+AT(I) *COS (11*ATAN(SQRT(l.-XN (K) * 
203 Rl=Y(K) -F1 

*XN (K) 1 /XN (K) 1 1 

R2=Y(K)-F2(K) 
R3=Y(K)-F3(K) 
SLMS+SLMS+ABS (R1) 
SLEG=SLEG+ABS (R2) 
STCH=STCH+ABS (R3) 

13 WRITE (3,281 X (K) , Y(K) , F1, F2 (K) , F'3 (K) I R1, R2, R3 
28 FORMAT(' ',9(F8.4,2X)) 
99 WRITE (3,30) SLMS, SLEG, STCH 
30 FORMAT( 'SUM OF RESIDUALS' I 3 (E11.4,5X) ) 
400 CONTINUE 

STOP 
END 

0001 SUBROUTINE LMS (X,Y,M,N, PCLMS,ILMS) 
C 
e X=ARGUMENT 
e Y=FUNCTION FITTED 
C M=ORDER+l 
C N=NUMBER OF POINTS 
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0002 

0003 
0004 
0005 
0006 

0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 

0015 
0016 
0017 
0018 
0019 
0 0 2 0  
0021 

0022 
0023 
0024 
0025 
0 0 2 6  
0027 
0028 

e PCLMS=RESU%TING C O E F F I C I E N T S  
C IER=O=NO ERROR 
C IER=l=SOLUN IN SIMQ WAS SINGULAR 
C A=DUMMY 
C B=DUMMY 
e 

DIMENSION A ( 1 5 , 1 5 )  B (15) , X (  2 0 0 )  I Y ( 2 0 0 ) ,  PCLMS ( 1 5 )  
*,AA(225) 

e 
C I N I T I A L I Z E  
C 

DO 2 1=1,15 
DO 2 J=1,15 
A ( 1 ,  J) = O .  

2 B ( J ) = o .  
e 
C COMPUTE MATRIX 
C 

DO 4 I = 1 , M  
DO 4 J=l,M 
DO 4 K = l , N  
IF (I+J-2) 12,1,12 

GO TO 4 
1 A ( I ,  J) = A ( J , J ) + ~  - 

1 2  A ( 1 ,  J ) = A ( I , J ) + X ( K )  ** ( I + J - 2 )  
4 CONTINUE 

C 
e COMPUTE VECTOR 
e 

DO 3 I = l , M  
DO 3 K = l , N  
I F  ( 1 - 1 )  6 , 5 , 6  

GO TO 3 
6 B (I 1 =B (I  ) +Y ( K )  *X (K)  ** (1-1) 
3 CONTINUE: 

5 B ( I ) = B ( I ) + Y ( K )  

e 
C SOLVE 
C 

CALL ARRAY(2,MnM, 15,15,AA,A) 
CALL SIMQ (AA, B , M, IER) 
DO 8 I = l , M  

I L M S = I E R  
R E T U m  
END 

8 PCLMS ( ‘ I ) = B ( I )  
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11,2 T h e  For t r an  Proqram ODP-11 

0001 

0002 

0003  

0004 

0005 
0006 
0007 
0008 

0009 
0010 
0011 
0012 
0013 
0014 
0015 

0016 
0017 
0018 

e ODP11: NONLINEAR CHARACTERISTIC ANALYSIS 
e PROGRAM 
e 

DIMENSION Y(lO5),XO(l5,105),LSA~(105) 

D I W N S I O N  ERPS ( 1 5  , 1 0 5 )  
"FER ( 15 105 ) , SNR ( 15 I 105 ) 

e 
C READ I N P U T  DATA 
C 

500 READ(1, 20) P R , P R 1 ,  PR2,NTYPE,NINAMP,NSTEP,N0RM 
* ERR 

20 FORMAT ( 2 A 4 ,  A 2 , 5 1 5 ,  F10; 4)  

R E A D ( 1 , 2 1 )  (NORD(1)  , I = l , N A M P )  
1,21) (NP ( I )  I = l , N A M P )  

2 1  FOfaZvLAT(2025) 
e 
e PR= I D E N T I F I C A T I O N  SYMBOLS 
e NTYPE=O=INPUT DATA I S  FUNCTION TO BE EXPANDED 
e NTYPE=l=INPUT DATA I S  I N  HURTER-,DRIFFIELD FORM 
e N=NUMBER O F  DATA P O I N T S  
C NAMP=NUMBER O F  AMPLITUDES 
e NSTEP=NIBMBER O F  INTERVALS I N  S T E P  
C NORM=O=COEPFICIENTS ARE PRINTED 
e NORM=l=HIGHER ORDER C O E F F I C I E N T S  ARE NORMALIZED 
e TO F I R S T  ORDER 
e ERR=NOISE LEVEL O F  DATA (SET=O I F  NOT USED) 
e N P ( I ) =  NUMBER O F  P O I N T S  I N  ITH AMPLITUDE 
e N O R D ( I ) =  HIGHEST ORDER TO BE F I T T E D  TO ITH 
e AMPLITUDE 
e 

DO 1 I = l , N  

22  FORMAT ( 2 F 1 0 . 4 )  

31 DO 3 2  I = l , N  

1 R E A D ( 1 , 2 2 )  X ( I ) ,  YIN(1) 

I F  (NTYPE-1) 30,31,30 

x (I) =lo .  * " X ( I )  
3 2  YIN (H)=lO. ** (-YIN ( I ) / 2 . )  

e 
e X=EXPOSURE VARIAE3LE 
e YIN=DENSI  TY VARIABLE 
e 
e DETERMINE LOCAL INTERVALS 
e 

30 DO 9 K=l,NAMP 
DO 8 L=l,N 
NP1=NP (K) 
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0019 
0020 
0021 

C 
e 
C 

0022 
0023 
0024 

C 
C 

0025 
0026 
0027 
0028 

0029 
0030 
0031 
0032 
0033 

e 
e 
C 

0034 
0035 
0036 

C 
C 
C 

0037 
0038 
0039 
0040 

C 
C 
C 
C 

0041 
0042 

0043 
0044 
0045 

C 

0046 
0047 
0048 
0049 
0050 

NB=(L-1)  *NSTEP+l  
NE=NB+NP (K) -1 
IF (NE-N) 3 ,3 ,9  

NORNALIZE LOCAL INTERVAL TO (-1,l) 

3 DO 2 I=NB,NE 
NUMl=I  -NB+ 1 

2 XN (NUMI) = (  2. *X ( I )  -X (NE)  -X (NB) ) / ( X ( N E )  -X (NB) ) 

SEARCH FOR XN OUTSIDE (-1,l) 
DO 201 I = l , N P l  
I F  ( 1 . - X N ( I ) * X N ( I ) )  200,201,201 

200 WRITE (3,202) I , X N ( I ) , L , K  
202 FORMAT ( n  X N ( ' , I 3 , ' ) = ' , E 1 1 . 4 , '  I N  L I N E ' , I 3 , '  

*OF AMPLITUDE , I 3 )  
I F ( X N ( 1 ) )  203,203,204 

204 XN(I)=.999999 
GO TO 201 

203 XN(I)=-.999999 
201 CONTINUE 

ADJUST Y VALUES 

DO 4 J = l , N P l  
NUM2=NB+ J- 1 
4Y ( J )  =YIN (NUM2) 

COMPUTE EXPANSION 

M=NORD ( ~ ) + 1  

AT (K,  L ,  I ) =O 

DO 5 I = l , M  
N I = N P  (K)  -1 

AT (K, L , I ) =TCHEB COEFF FOR AMP (K)  , INTERVAL (L)  
ORDER+ 1=1 

Il=I-l 
I 2 = 1 - 2  

DO60 J = l , N 1  
I F  (XN ( J )  ) 301,100,101 

301 ARGl=ATAN (SQRT (1 .-XN ( J )  "XN ( J )  )/m ( J )  ) +3 
"141592 
GO TO 104 

100 ARG1=1.570796 
GO TO 104 

i o  1 A R G ~ = A T ~  ( SQRT ( 1. -XN ( J ) *XN ( J 1 1 /XN ( J 1 1 
104 I F ( X N ( J + l ) )  303,102,103 
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0051 

0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 

0060 
0061 

0062 
0063 

0064 
0065 
0066 

C 
C 
C 

0067 
0068 
0069 
0070 
0071 

0072 
0073 
0074 
0075 
0076 
0077 
0078 
0079 
0080 
0081 
0082 
0083 
0084 

303 ARG2zATAN (SQRT (1. -XN (J+1) *XN (J+1) ) /XN (J+1) ) 
*+ 3 - 141592 
GO TO 105 

192 ARG2=1.570796 
GO TO 105 

103 ARG2=AT&? ( SQRT ( 1. -XN (-J+1) *XN (J+ 1) ) /XN (J+1 
105 AO= (Y (J) *XN (J+1) -Y (J+1) *XN (J) ) / (XN (J+1) -XN (J) ) 

IF (1-2) 107,108,109 
AI= ( Y ( J + ~ )  -Y ( J )  ) /  (XN (~+1) -XN (J) ) 

107 AT (K. L. I) =AT (K, L, I)+ (AO* (ARGl-ARG2)+Al* (SIN ' 
"ARGI) -SIN (ARG2) ) ) 
GO TO 60 

108 AT (K, L, I ) =AT (K, L, I)+ ( .5*A1* (ARGI-ARG2)+AO* ( 
*SIN(ARGl)-SIN(ARG2))+1.2.5*Al* (SIN(2.*ARGl)- 
*SIN (2. *ARG2) ) ) 
GO TO 60 

109 AT (K, L, I ) =AT (K, L, I) + ( .5*Al* ( SIN ( I2*ARG1) -SIN 
L+AO* (SIN(11*ARGl)-SIN(Il*ARG2) )/I1 
2+. 5*A1"SIN (I "ARG1) -SIN (I"ARG2) )/I) 

*(I2*ARG2))/12 

60 CONTINUE 
5 AT (K, L,I)=AT(K, L, 1)/1.570796 
XO (K, L) =. 5" (X(NB)+X (NE) ) 

CHECK FOR COEFFICIENTS LESS THAN NOISE LEVEL 

DO 7 I=l,M 
ATAB=ABS(AT(K, L, I) ) 
IF (ATAB-ERR? 6,7,7 

6 AT(K,L,I)=O.O 
7 CONTINUE 

COMPUTE NSR, 1/S / 

ERPS (K, L) =ESTIMATE OF NUMERICAL ERROR IN FER(K, L) 
SNR(K, L) =RECIPROCAL OF SQUARED FUNDAMENTAL 
AMPLITUDE 
FER(K, L) =NOISE TO SIGNAL RATIO 
SIG2=AT (K, L, 2) *AT (K, L, 2) 
HAR2=O. 0 
DO 13 I=3,M 

IF(SIG2) 15,14,15 

ERPS (K, L) =O. 0 
SNR (K, L) =O .O 
GO TO 8 

13 HAR2=HAR2+AT (K, L, I) *AT (K, L, I) 

14 FER(K,L)=O.O 

15 FER(K, L) =HAR2/SIG2 
SNR(K,L)-X./SIG2 
ERRl=ERR*ERR 
ERPS (K, L) =ERRl/SIG2 
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C 
C 
C 

0085 
0086 
0087 
0088 
0089 
0090 

C 
C 
C 

0091 
0092 
0093 
0094 
0095 

0096 
0097 

0098 
0099 
0100 
0101 
0102 
0103 
0104 
0105 

0106 

0107 
0108 

18 
16 
17 
8 
9 

24 

NORMALIZE COEFFICIENTS IF SPECIFIED 

IF (NORM-1) 8,18,8 
IF (AT (K, L, 2) ) 16,8,16 
DO 17 I=3,M 
AT (K, L, I) =AT (K, L, I)/AT (K, L, 2) 
LSAVE (K) =L 
CONTINUE 

WRITE RESULTS 

DO 11 I=l,NAMP 
NUM3=NP (I ) 
AMP=X (NUM3) -X (I) 
WRITE(3,24) PR,PRl,PR2,N,NP(I) ,NORM,ERR 
FORMAT( 'l', 2A4,A2, ' N=' ,I3, ' NP=' ,I3, ' NORM=', 
*12, ' ERR=' :E10;3) 
WRITE(3,25) 

25 FORMAT(' I ,  'NB' ,4X, 'XZRO' , 5X, 'XINT' ,5X, 
*'YINT", 5X, 'NSR' ,9X, 
1' DNSR' ,8X, 
*COEFFICIENTS') 
MM=NORD (I ) +1 
LS=LSAVE (I ) 
DO 11 J=l,LS 
NB=(J-1) *NSTEP+I 
NE=NB+NP(I)-X 
XINT=X (NE) -X (NB) 
YINT=YIN (NE) -YIN (NB) 

l /S '  ,9X, 'TCHEBYSCHEFF EXPANSION 

11 WRITE(3,26) NB,XO(I,J),XINT,YINT,FER(I,J), 
*ERPS(I, J) ,SNR(I, J) 
l(AT(I,J,K),K=l,MM) 

"5 (Ell. 4,lX) ) 
26 FORMAT ( ' 0 ' , I 3, lX, 3F9.3, lX, 8 (Ell. 4,lX) /69X, 

GO TO 500 
END 


